1.6 Independent Sets versus Spanning Sets

The concepts of Spans and independence are two of the most
important concepts in Linear Algebra.

We will see Theorems connecting Spans of sets of vectors, and
linearly independent or dependent sets.
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Equality of Spans

- o —
Theorem: Let S = {Vl,VQ, ...,Vn} c R™ and ki, ko,...,
k, € R a list of n non-zero scalars. Let us form a new set:

= {kﬁ}l, kQT}z, e knT/)n} Then: Span(S) = Span(S/).

— — —
CiV1 +Crvy + -+ Cuvy

ki - ko -
= Clo V1 Vo e ey

ki kz ko
_ ‘1 2 (13 ceex Cn(1
= kl (klvl) + kz (szz) + + kn (knvn),

Cl(le}l) + Cz(kz?i)z) + - + Cn(kn?n)

= (Clkl)T/)l + (Czkz)?z + e+ (ann)?n,
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Example:
g (3,-2,5,7,4),(2,-5,3,6,0),
(-1,0,4,-3,2)

o _ ] (6.-15,9.18,0).(-5.0,20.-15, 10),
(-6, 4,-10,—14,-8)

Is Span(S) = Span(S)?
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Theorem — The Equality of Spans Theorem:

Let S = {Vi, V2, ..., v, and S' = {W1, Wa,..., W} be two sets
of vectors from some Euclidean space R*  Then:
Span(S) = Span(S') if and only if every v; can be written as a
linear combination of the w; through W, and every v_)vj can also

be written as a linear combination of the v; through V.
Proof:
(=) Span({V1, V2, ..., Va ) includes V1, V2, ..., ¥, themselves.

— . .
(<) Now, suppose that every V; can be written as a linear
combination of the w; through W, and every v_)vj can also be

written as a linear combination of the V; through V.

Think of the linear combination:

— — —
CiV1 +Crvy + -+ Cuvy.
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- — — —

Vi =aiagwil +aiaw + -+ dimWm,

- — — —

Vo = A2 1W1 +A220W2 + - T A2 mWmy e vonn
- —

— —
Vn — an,IWI + an,2W2 + o+ aanm,

— — —
CiV1 +Crvy + -+ Cuvy
— — —
= ci(a,iwr +aipwa + -+ ArmWm) +
— — —
Cz(az,lwl T dAyoWo + o0t + az,mwm) + e+

— — —
Co(AniWi1 + AnoWwo + ==+ + AW ).

— — —
CiV1 +Crvy + -+ Cuvy
— — —
= C1d1, 1)W1 T C1A12W2 + - + C1A1mWm T+
— — —
C2A2 1 W1 T+ C2A22W2 + =+ + C2A2. Wy T *** T+
— — —
Cndn1Wi1 + Cndn2W2 T o+ CnlnmWm
_)
= (c1a1,1 + c2an,1 + -+ + Cpny )W +
_)
(Clal,z + Cad2p + **t + Cnan,z)WQ + e+

_)
(craim + coarm + -+ + CpnQpm )W
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Example:

Span({(3,-5,2,-4),(2,-4,1,-2)})

VS.

Span((8,-14,5,-10), (-4,14,1,-2),(1,3,3,-6)).
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Theorem — The Elimination Theorem:

- o — . .
Suppose that S = {Vi, V2, ..., Vu} is a linearly dependent set of
vectors from R™, and vV, = ¢{V| + ¢2Vy + -+ + Cy_1Vn_1. Then:

Span(S) = Span(S — {v,}).

In other words, we can eliminate v, from S and still maintain the
same Span.

ﬁ
More generally, if Vi +cava+ - +cpvy = 0,,, where none of
the coefficients in this dependence equation is 0, then:

Span(S) = Span(S — {V:}),

foralli = 1..n.
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Example: Let:

o (3,3,5,2,4),(3,2,0,—1, 6),
(12,12, 20, 8, 16), (0, 1,5,3,-2) |~

and let us call these vectors Vi, Va2, V3, and V4, in that order.
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Theorem — The Minimizing Theorem:

Let S = {Vi, V2, ..., V. be a set of vectors from R”, and let
e — . T —

A = I:Vl Vo ... vn] be the m x n matrix with vy, va, ..., v, as

its columns.

Suppose that R is the rref of A, and iy, iz, ..., ix are the
columns of R that contain the leading variables. Then the set
S"={¥V:,Vi,,..., Vi, r, that is, the subset of vectors of §
consisting of the corresponding columns of A, is a linearly
independent set, and:

Span(S) = Span(S’).

Furthermore, every v;e S—8/, that is, the vectors of S
corresponding to the free variables of R, can be expressed as
linear combinations of the vectors of S’, using the coefficients
found in the corresponding column of R.
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ldea:

o_ ) (T4-3,11),(2,-1,-1,2), (31, 22,713, 51),
(5,-2,1,5),(17,12,-21, 29)

7 2 31
4 -1 22 -2
-3 -1 -13
11 2 51
1 0 50 3
01 -2 0 8
0 0 4
0 0 0

5
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Theorem — The Dependent vs. Spanning Sets Theorem:

Suppose we have a set of n vectors:
- o —
S={wi,wa,..., Wy},

from some Euclidean space R¥, and we form Span(S). Suppose
now we randomly choose a set of m vectors from Span(S) to
form a new set:

I = {30 Do soes Tl

We can now conclude that if m > n, then L is automatically
linearly dependent.

In other words, if we chose more vectors from Span(S) than the
number of vectors we used to generate S, then this new set will
certainly be dependent.

Proof:

— — —
Ui = aigwi +aipwa + - +aiaW,
— — —
Uy = A2 1W1 T A22W2 + - T A2 uWny «.n ...

— —
um — am,IWI + am,2W2 + e+ am,nwl/l.

— — — -
ciuy +cour + -+ + iy = 0p.
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12

— — —
cl(al,lwl T AWy + -0+ al,nwn) +
— — —
Cz(az,lwl T dAyoWo + 0t + az,nwn) + e+
— — —
Ch(AmiWl + AQuaWwa + -+ + AppWy)
— — —
C1d1,1W1 +C1A12W2 + - + C1A1 Wy T
— — —
C2A2 1 W1 + C2A22W2 + *** + C2A24yWy + *** +
— — —
Cmlm1W1 + Cmlm2W2 T T CmAAmnWn
_)
(clal,l + Cadp t+ T+ cmam,l)wl +
_)
(Clal,z + Cad2p + *t + Cmam,z)WQ + - +

_)
(crain +Caaop+ -+ + CnQmn)Wh.
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Now, we can force a solution if we set @/l of the coefficients of
— —
the vectors w; through w, to be zero:

cidi,] +C2a21 + T CmAm1 = O,
Cidip +C2A22 + *** T CpmAm2 = O, ...... and

ciai, +caaoy + -+ cpmamn = 0.
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Theorem — The Independent vs. Spanning Sets Theorem:

Suppose we have a set of n vectors § = {w1, wa,..., W, from

some Euclidean space R¥, and we form Span(S).
Suppose now we randomly choose a set of m vectors from

Span(S) to form a new set:
L= {305 i),

We can now conclude that if L is independent, then m < n.
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Theorem — The Extension Theorem:

Let S = {Vi, V2, ..., Vu} be a linearly independent set of vectors
from R”, and suppose Vi1 is mot a member of Span(S). Then,

the extended set:

S/

S U {T}n—l—l }

- - - -
= {V1, V2, eeey Vi, Vsl b

is still linearly independent.
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