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Chapter Zero Exercises

A True logical statement.

A logical statement, but it is False, because -5 < 3 but 25 > 9.

A True logical statement, using the properties of inequalities found in Appendix A.
A False logical statement, because if x < 0, then /X is imaginary.

A True logical statement as of June 2009, with 237 consecutive weeks.

Not a logical statement, because it cannot be ascertained to be True or False (“best” is not
a well-defined adjective; unlike the previous Exercise, where “most number of
consecutive weeks as number 1 is well defined).

Converse: If you can watch TV tonight, then you did your homework before dinner.
Inverse: If you do not do your homework before dinner, you cannot watch TV tonight.
Contrapositive: If you cannot watch TV tonight, then you did not do your homework
before dinner.

Converse: If we don’t go to the beach tomorrow, then it rained. Inverse: If it doesn’t rain
tomorrow, we will go to the beach. Contrapositive: If we go to the beach tomorrow, then it
did not rain.

Converse: If cos(x) > 0, then 0 < x < n/2. Inverse: If x > /2 or X < 0, then cos(x) < O.
Contrapositive: If cos(x) < 0, thenx > /2 orx < 0.

If f(x) is continuous on the closed interval [a, b] then it possesses both a maximum and a
minimum on [a,b]. Converse: If f(x) possesses both a maximum and a minimum on
[a,b], then f(x) is continuous on [a,b]. Inverse: If f(x) is not continuous on [a, b], then
f(x) either does not possess an absolute maximum or an absolute minimum on [a, b].
Contrapositive: If f(x) does not possess either an absolute maximum or an absolute
minimum on [a,b], then f(x) is not continuous at x = a.

AUB = {a,b,c,f,g,h,i,j,m,p,q}, ANB = {c,h,j}, A-B =<a,f,i,m},
B-A=<bg,p,q}.

AUB = {a,b,d,g,h,j,k,p,q,r,s,t,v}, ANB = {d,g,h,p,t},

A-B = {a,jr}, B-A=1<bkq,s,V}.

If there were a largest positive number x, what can you say about x + 1?

“If n does not have a prime factor which is at most ,/n, then n is prime.” The number
11303 is composite. One prime factor is smaller than 100.

2027 and 2029. 39. 233 49. Hint: In Step 3, write 2™ as 2(2") = 2" + 2",

f. ForanytwosetsXandY : XNY < XandXNY Y. 55. a
2,3,5,7,11,13,17,19,23,29
a. 0, {a}, {b}, {c}, {a,b}, {a,c}, {b,c}, {a,b,c}; 8 subsets.

c. you get exactly the same list as the subsets on the right column.

Selected Answers to the Exercises



Chapter One Exercises

1.1 Exercises

S.
7.
8
9.
11.
22.

35.

These are found in the Key Concepts.

b. [U]| = J/65: C. U1 = ——(—4,7)and Uy = —+—(—4,7) d. 3V = (9, 15),
||l = /65 1 75 ( ) 2 /o5 ( ) ( )
5W = (5,-10), V + 5W = (14,5) and 3V — 5@ = (4, 25)
b. 20 = (10,-6,4), 3W = (~6,15,12), 20 + 3W = (4,9,16) and 2T — 3W = (16,-21,-8)

c. Wl = 45 =3/5 d. Uy = —~(-2.5,4)and Uy = —L(~2,5,4),
W] = /45 J5 1 3£< ) 1 3J§< )
e. i. —%\Tv — (6/5,~3,-12/5) ii. 2T + 5V = (30,6, ~31)

iii. 3W — 4T = (=26,27,4) iv. —4T + 7V — 2W = (12, 2,-65).

a T+V=(1,-27,3) b U+W=(1,-34-2) c. V=W = (2,1,3,5)

90— (— 9 _ 3g-(_-3 9 9 _ 5w _/(20 10 _
d. —2U = (-6,10,-2,-14) e. 3V <2,4,2,3>f. 2 o 3,5,15>
g. 50+ 3V = (9,-16,23,23) h. -%m %vz —7,47,6,—%>
i, 20— 3V + 7W = (-16,-5,5,-37) j. — 50+ 2V — 4W = (-3,23,-5,~7)

343y _Swp_(2 11 53 3g_3viow=({_o_23 9
KUt gv-3w <3’12’ 2’2> L SU- Vo= (-2-22.3-3)
U = (~15,6,7)and V = (42,~17,-16). 6. Yes: (-3,7) = 40(5,~2) + 29(~7,3).

Yes: (-17,-9,29,-37) = 5(3,-5,1,7) + 8(~4,2,3,-9).

. No: Using the first two coordinates, we get x = —4 and y = 9, but although these satisfy

the 3rd coordinate, they do not satisfy the 4th.

uU=(-3,4,26,-7)andV = (-1,-3,5,-3,2). 10. (7,-3)

(-4,1,7) 12. U= (-4,4,-8)

Contrapositive: if U = (us,uz) and V = (v1,V,) are vectors in R?, then they are not
parallel to each other if and only if u;v, — uvy = 0.

PQ is 26 cm. long.

1.2 Exercises

N o M

12.

13.

y=4x/7 2. y=-5x/3 3. x=5t,y=-4t z=2t andt = x/5=y/(-4) = z/2.
X=-t,y=3tz=-6t,andt=-x=y/3=12/(-6). 5.7x+5y =6

_ __ _ _x=2 _Y+7 _z7-4
X=2-3ty=-7+6t,z=4+8t andt = = ="%6 -3

X =3+2t, y=2,z=-5-5t Not possible because the direction vector has 0 in the
y-component.

—

V= P_d =(4,-2,3), s0x = -4 +4t, y = 3—-2t, z = -5+ 3t is one possible answer (other
answers are possible).
2x—11ly+z=10. 10. 31x-29y-13z = 0.

. 10x — 2y + 15z = 0. We must solve for s fromy, solve for r from z, then substitute these

into x.

Span({(4,-10,6),(-6,15,-9)}) is only a line through the origin, because the vectors are
parallel to each other.

X+y+z=3 14. 9x+10y -2z = 28

Selected Answers to the Exercises 3



15
17

18.

19.

23.

24.
28.
33.
34.

35.

36.

They determine a line because the vector AB is parallel to AC.

(3,-4,7) satisfies the equation. If t = 1, we get the point (7,—7,13), which also satisfies
the equation. Since two points on the line are also on the plane, the whole line is on the
plane. Alternatively, you can solve for x, y and z from the equation of the line, and
substitute them into that of the plane, and get 0 = 0, showing that the equation of the
plane is satisfied by every point on the line.

If Q = (3,4,-1), then @ = (1,-1,-8) is not parallel to (1,-2,5), so P is not on L.
Equation: 21x + 13y + z = 114.

7x+2y+4z = 15 20. (—g—g 2 %2
a. the point does not satisfy the symmetric equations; b. X 5 5_Y 45r 2 _ -z+4

13x—7y+4z =95 25. 17x—-4y+ 22z = -80

28. a. 2x + 6y + 3z = 0; b. W does not satisfy this equation.
d.6x—-5y+4z=60; 9. 3x—-2z=18 i.z=-5

a. D= (at+xXo—x1)2+ (bt+yo—y1)? + (Ct+ 2o — 21)?

b. %—[t) = 2[t+a(Xo — X1) + b(yo —y1) + ¢(zo — 21)]

c. t=a(Xy1—Xo)+b(y1 —yo) +c(z1 —20); d. ddzt? =2>0.
e. the critical point is a local minimum by the 2nd derivative test; since D goes to

positive infinity in both directions, the critical point is also an absolute maximum.
iti ist— =3 - (53 _67 351). .
The critical value ist = 55 ) distance: 5 J374

5 \11' 22' 22

e et 14 . (98 7 46 \. 4; 1
The critical value ist = —m 1573715 ) distance: i J25530

1.3 Exercises

[d]l = v119.

2. cos(f) = 5/,/3161 and 6 ~ 1.481 radians.

|20 + 5V| = J/941 =~ 32.68, and ||2U]| + ||5V]| = /136 + /1625 =~ 51.97. The second
quantity should be bigger by the Triangle Inequality.

cos(f) = 37//6391, so 0 ~ 1. 09 radians.
cos(0) = —15/(7/23 ), s0 0 ~ 2.034 radians.
cos(1//3) = 54.7356°
71.0682°, 60.8784°, 35.7958°
-2911
V4569
. J7837
. 24
. Idll = 29, V|| = 13, and ||4U + 9V|| = 42305
. 6X -5y + 2z = -15.
. 2X+5y -9z =40
. Take the dot product with both U and V.
. a. (13,3,6) b. 5x+13y+z = 110
. X+Yy—1z = 10; they intersect at (2,5,-3).
Selected Answers to the Exercises



18.

19.
20.
21.
22.
23.
24,

25.

26.

217.
28.

XY,2) = (5,-3,7) + 1(9,22,17); they intersect at (% iz %)

C. 7X+5y—-3z =150

C. 7Xx+ 11y —13z = 46 and 7x + 11y — 13z = 104
(3,-5,2)0(2,4,7) = 0; (X,y,2) = (%,—%,O>+t<—43,—17,22>;
dx+y—-2=20

b. 15x+ 13y + 10z = 68; c. (x,y,z) = (3,1,1) + (2,0,-3)

The direction vector of L is a multiple of the normal vector to IT.
118 62 571

8x + 5y — 4z = 2; they intersect at ( 105" 21" 105397 1o

(X,¥,2) = (5,-2,1) + (3,7,-4); they intersect at A T4 37

b. x+2z = 12.

False: the converse is True, but the forward implication is False; U o V = 0 means the two

vectors are orthogonal to each other without one of them necessarily being O

1.4 Exercises

o
pONOWE

(-3, 2, 6); all variables are leading 2. (-9, 4, 0); all variables are leading
(=3-=Tr,2+4r,r), x3 =risfree 4. (6+3r,1r,—7); X2 = ris free

(2,-5,r); x3 =risfree 6. (8+5r—-2s,r,5); X2 = randxs = s are free
(3+5r,—4r,-2+7r,r); Xa =risfree 8. (5-3r,6+2r,r,—4), x3 =risfree
no solutions 10. (5+4r, r,—3—-5,3); X2 = rand xs = s are free

. {T+2r—6s,r,5,-2); X2 =randxz = sare free 12,

S 2, 1 _ 4,2 _ 1, v, —ri
<3 +3h=3 _3r, 3 3r,.r>, X4 = risfree .
(-5, 3, 2); all variables are leading 14. (2 —3r,—4 +5r,r); X3 = ris free

. (T+6r,1,-2); xo =risfree 16. (5,6,-4, 0); all variables are leading

. (4r,3—=T7r,-8-3r,r); x4 = risfree 18. (1+6r,5—-4r,r,—4); x3 = ris free

. (=245r,1,3,7); X2 =risfree 20. (-8+3r—2s,-5—-4r+6s,1,5); X3 =randxs =S
are free

. (=24+5r+9s,r,—6 —4s,s); X2 = rand x, = s are free

. (-5—=Tr—5s5,2+4r—-3s,4—-6r+2s,r,s); Xa = rand xs = s are free

. (5=3r+4s+6t,-1+2r+9s—8t,r,s,t); X3 =1, X4 = sand xs = tare free.

. (-5-6r,2+3r,4-2r,-1-8r,r); xs =risfree 25. (5-3r,6+2r,r,—4,9); X3 =ris
free

. (2-6r—3s,r,7+8s,5,-3); X2 =randxs = s are free

. (=2+5r—4s,1r,9-7s,6—3s,s); X2 =randxs = sare free

. nosolutions 29. (r,2+3s,s,—7,4); X1 = rand x3 = s are free

. {4 +5r—-35,5-3r,-2+2r—4s,3-7r+6s,r,S); Xs = rand x¢ = s are free

{7 +9r—4s,-3r+s,r,—-1-6s,2-5s,s); X3 =rand xs = s are free

. (2—-6r—3s—-5t,r,9+8s+2t,s,t-1), X2 =r, Xxg =sand xs = tare free

. (3=5r,-7+2r,1,9,4), x3 =risfree 34. (-2+4r—-7s,5-6r+3s,r,6—9s,5),

X3 =TI, X5 = S are free

. (~2+8r+s,6-5r—7s,1,3+4s,8-09s,s), X3 =, X¢ = s are free

. (-5-6r,2+7r,3-4r,1,-8,9) x4 = risfree 37. Yes, b = 3Vi - 5V, (only solution)
. bisnotin Span(S). 39. Yes.b = 3Vi - 2V + Vs (only solution)

. Yes.b = %Vl + %VZ (there are infinitely many solutions) 41. b is not in Span(S).
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42,

44,
45,
46.

48.
50.

53.
55.

58.
60.
62.
64.
65.

66.

Yes. b = 5V; — 2V, + 4V (only solution)  43. Yes. b = —17V; + 13V, (there are
infinitely many solutions)

Yes. b = 3V — 2V, + 5V3 (there are infinitely many solutions)

Yes. b = —2V; + 5V, (there are infinitely many solutions)

Yes. b = 2V; — 7V, + 3V, (there are infinitely many solutions) 47. Yes.

- -

l

b = V1 — V. + 2V3 (only solution)

Yes. b = 5V — 4V, (there are infinitely many solutions) ~ 49. <O, % —%>
43 _ 8 8 2 7 _8 8 7 47 8
(1010 1r) 5 (5-d-g-f) 52 (-2s6s- 5 Fus) where
Xs =S € R.
(7,1, 26 31,2,7) 54 <8—6r 1} r-7,-2-+t, 1> where xs = t € R.
<8 9s,—L + 2753 5—455 ,3+4s, 8- 0s, s>, wherexg = s € R.  56. (5,-3,-9) 57.
(11,-3, 4>
(-14,-2,3,2) 59. (-3-3r+4s,1r,—2—-25,5,2), X2 =1 € R,xq4 =5 € R are free.
(3+5r,1r,-2,4),y=reRisfree. 61. (3-5r—-7+2r,r,4),z=r¢cRisfree.
No solutions. 63. One possible answer: (x,y,z) = (40,22,0) + t(-43,-25, 2).
$1.50 per shirt, $5 per pair of slacks, and $7 per jacket.
1 kilogram of Barley, 3 kilograms of Oats, and 2 kilogram of Soy.
10 -4 19

. 5 5

The rref is 01 9 33 | sod = (159 +4p)/5and n = (331 —-9p)/5.
5 5

The solution with the smallest number of pennies hasp = 4, n = 59, and d = 35. (Note:
since we want n > 0, we need p < 36) The solution with the largest number of pennies
hasp = 34, n=5and d = 59.

1.5 Exercises

Boo~Nwouhrwnek

PR R PR
~NOoO U A~AWNER

=
oo

. consistent, and b. square

. consistent, and b. overdetermined

. inconsistent, and b. overdetermined

. consistent, and b. underdetermined

. inconsistent, and b. underdetermined
. consistent, and b. square

. consistent, and b. square

. consistent, and b. underdetermined.
a. consistent, and b. square.

OO LY D®

. a. inconsistent, and b. overdetermined.
. independent

. independent

. Odependent

. dependent

. dependent

. independent

. Odependent

. dependent: 2V; —V;, + V3 = 0s.

Selected Answers to the Exercises



19.
20.
21.
22.
23.
24.
25.
26.
217.

28.
29.
30.

31.
32.

33.

34.
46.

independent
independent .
dependent: 2V; —V; + 5V3 = 04.

—

dependent: —4V; — 7V, + V3 = 04.

dependent: —3V; — V, + 5V3 = Os.

dependent: —2V; — 3V, + 43 +V4 = Os . .

a - -3V, +V3 = 04 b. 5Vi +7Vo +Vy =04 C. — Vo +5V3 + 2V, = 04_

a. — 2V, +Vp+Vs =05 b. —3Vy— 2V, +Vy = 05 C. ~ T2 = V3 + 2Vs = Os

a. —3V1—5V2+6V3+V4 = 64 b. —2V1—3V2+5V3+V5 = 04

C. —V1+7_)3—3V4+5V5 = 64

a. — 4V -5V, +V3 = 04 b. —3v1—2v2+v4+2v5 = 04

C. 7—)1 + 2V3 - 5V4 - 10V5 = 04

a. 5V1+2V2 = 05 b. 5V1—6V3+2V5 = 05 C. V3+V4+V5 = 05

dependent: 5 vectors in R* must be dependent.

One possible dependence equation is: 3(20 + V) — 1(4T + 5V — 4W) — 2@ — V + 2W) = Op.
The system will have no solution if r = -4 and s + % The system will have exactly one

solutionifr + -4 and s is an%/ real number. The system will have an infinite number of
solutions ifr = -4 and s = x

In all cases, x is a leading variable. The system will have no solution ifs = -8 and t + 4.
The system will have exactly one solution if s # —8, tis any real number, and r = —6. The
system will have an infinite number of solutions involving exactly one free variable in two
ways. First, if s = -8, t = 4, and r + —6, then y is a leading variable and z is a free
variable. If r = —6, then z is automatically a leading variable because of the 2nd equation,

andz = 10 This will satisfy the 3rd equation if and only if (8 + s)( =t—4,s0

10t + 13s = —144. Thus, the second way isto have r = —6 and s and t any two real
numbers satisfying 10t + 13s = —144. In this case, y is a free variable. The system will
never have an infinite number of solutions involving exactly two free variables.

c=22

a. False. b. False. c. True. d. False e. True. f. False. g. True. h. False. i. True. j.
False.

1.6 Exercises

1.
2.

4.

5.

The corresponding pairs of vectors are paraIIeI to each other.
If we denote by S = {V1,V,} and S/ = {Wy, W2, W3}, then we will get:

Y) = %wlt%wZ, Vo = %wl—%wZ, Wi = %Vl‘F%VZ. Wy = %
W3 = 2Vi1 — Va.

We should apply the Equality of Spans Theorem; if S = {V1,V,} and S/ = {W,W,}, then
we will get:

Vl = %\Tvl + %Wz, VZ = % 136 Wy, W1 = 8V1 VZ, \7V2 = —771 + ?VZ

Although both Theorems are applicable, the first Theorem will certainly be easier to
apply: corresponding pairs of vectors are parallel to each other.
a. S consists of 6 vectors from R3, so S is certainly dependent. b. V, and V, are parallel

_ 3y
Vi 2Vz.

\TV1+ S 1

Selected Answers to the Exercises 7



6. a. Sconsists of 5 vectors from R4, so S is certainly dependent. b. Vy is parallel to V,. c.
Eliminate either V, or V4, so one possible answer is: S’ = {V1, V>, V3, Vs > d.
V3 = 3V — 2V, and Vs = 2V; +V,. e. two vectors are left; one possible answer is:
S/ = {V1,Vo}. f. the two vectors (no matter which you picked) are obviously not
parallel.

7. a,bandd only.

8. a,dand e only.

9. a, b,c,dandfonly.

10. S/ = {vl,V2,V3}; V4 = 3V1+2V2—4V3.

11. S/ = {Vl,\_}z}; Vg = 3V1—2V2;V4 = 2\71+3V2.

12. S/ = {V1,73}; Vz = —571;74 = 3V1 + 5\73.

13. S/ = {71, Vz, \73} \74 = 3V1 + 4V2 — 2\73 \75 = 2V1 + 3\72 —Vg.

14. S/ = {vl,\_}z,V4} V3 = 4V1+7V2,V5 = 3V1+4V2—2V4

15. S/ = {71,V3,V4}, \72 = 4V1,V5 %Vl—%V3+%V4.

16. S/ = {71,V3, } Vz = 3V1, Vg = 4V1 + 2\73.

17. S/ = {Vl, \72}; V3 = 4V1 + 3VZ, V4 = —Vl + ZV2; V5 = —2V1 —\72.

18. S/ = {Vl,\_}z}, Vg = 2V1 —3V2

19. S/ = {Vy, V2, Vs ).

20. S/ {Vl,V2}; Vg 241+2V’2, \74 = —6V1+572.

21. S/ = {Vl, \72, V4}, V3 = 5V1 + 7V2

22. S/ = {Vl,V3}; V = —3V1, Vg = 5V1 +4V3

23. S/ = {vl,V2,V4}; V3 = %V1+ gV2,V5 —V1+7V2+5V4.

24. S/ = {vl,VQ,V3,V5}, V4 = 5V1+4V2—2V3

25. S/ = {Vl, \72, V3 }; \7 = 57 + 4V2 — 2V3, V5 = 7—)1 + 5V2 - 4V3

26. S/ = {V1,Vp}; V5 = %vl - %VZ

27. S = {V1,V, Vs }

28. S/ = {vl,\_}z}; V3 = %Vl + %\72, Vg = %\71 - %Vz

29. S/ {Vl,VZ,V4}; \7 = 5V1+8V2

30. S/ = {71,V2,V3}; \74 = 2V1—3V2—4V3

31. S/ = {vl,V3,V5}; \72 = %71,74 = %Vl - 9V3.

32. S/ = {Vl,VZ,V4}; \73 = —6V1 + 5V2, V5 = 5V1 —3\72.

33. §/ = {Vl,V2,V4,V5}; V3 = 5\71+8\72.

34. S/ = {Vl, \72, V4 }; V3 = 7V1 - 9\72 ; V5 = 2V1 +VZ + 5V4; VG = 4V1 - 6V2 - 3V4.

35. S/ = {Vl, V3, VG} \72 = —471, \74 = (5/3)\71, 75 = (5/3)\71 + 2\73.

36. S/ = {(Vi,Vo}; V3 = 3V — 2V, Vg = —5v2, Vs = 2V1 + V.

37. S/ = {V1, Vo), Vg = (=213)Vy + (7/3)Va; V4 = (L3)V1 + (1/3)Vo;

toVi. c. Eliminate V, and Vy, to get: S’ = {Vy, V3, Vs, Vs . You could also eliminate V;
and V, and keep Vg, or eliminate the Vi and V4 and keep V. d. Vs = %vl +2V3. e
Eliminate either V; or V3 or Vs to get a set with 3 vectors left. One possible answer is

S/ = {V1,Vs, Ve +. f. The rref of the 3 x 3 matrix you obtained should not have any free
variables.

V5 = (—1/3)V1 + (2/3)\72

Selected Answers to the Exercises



38. S/ = {V1,V2,V4}; \73 = _QVZ; \75 = lVZ +V4.
2 2
39. S/ = {Vl,VZ,V4}; \73 = 2V1 —4\72} V5 = 2\71 —3\72.
40. S/ = {Vl,V2,V4,V5}; V3 = 7V1 —4V2; Ve = 6\71 — 7V2 + 3V4 —5\75.
41. S’ = {v1'v21v4}; V3 = 5V1 + 8Vy; Vs = 5V + TV + 4Vy; Ve = 4V + 3V, + 2V,.
42. S/ = {vl,\_}z}; V3 = —2\71; V4 = —Vl +V2; \75 = —2\71 +5V2.
43. S/ = {Vl,VZ,V4}; \73 = 4V1 + 3\72} V5 = 2\71 +5\72 +3V4
44, S! = {\71, V2, Vs, VS}; V4 = 3V1 + 4V, — 2V3; Vg = 4Vy + 2V, — 3V3 — 5Vs.
43. S/ = {v11v2!v31v5;v6}; v4 = SVJ_ + 3\_}2 - ZV3
46. a. Two non-parallel vectors are independent. b. x+2z = 0. c. only €; is in Span(S)

53.

1000-200 1 -1
0100 3 00 -3 Z

. b. Yes. ¢.No. d. No. e. Yes. 48. b. 0010 4+ 00 -% =
0001 000 &% £
0000010 & £
0000001173 12

d. Yes, because €; ¢ Span(S). d. No, because €, € Span(S). e. Yes, because
€3 ¢ Span(S).

c. independent d. dependent e. mdependentf independent g. independent
a. False. b. True. c. False. d. True. e. False. f. False. g. False. h. False. i. False.

1.7 Exercises

CoNoarLNE

{7,5)}

It doesn’t contain the origin.

{(7,3,0),(0,4,7)} is one possibility (you can also use (4,0,-3) as a second vector).
{(5.0,2),0,1,0)}

It doesn’t contain the origin.

{V1, V2, Vs }; dim(W) = 3

{Vl, \72, \73 }; dlm(W) =3

{Vl, \73, Ve }; dlm(W) =3

{V’l, \72, V4 }; dlm(W) =3

. {71,72,V4,V5}; dlm(W) =4

. {vl,VQ,V4}; dlm(W) =3

. {\71,V3,\76}; dlm(W) =3

. V1, V2}; dim(W) =2

. {(5,-3,6,7),(3,-1,4,5)}; dim(W) = 2

. {(5,-3,6,7), (3,-1,4,5), (5,1,8,-3)}; dim(W) = 3
. {(5,-3,6,7), (3,-1,4,5), (1, 3,1, 1)}: dim(W) = 3

. {(7,5,-4,3,9), (4,3,-2,1,5)}: dim(W) = 2

. {(7,5,~4,3,9), (4,3,-2,1,5), (4,3,-5,9,5)}; dim(W) = 3

. {(7,5,~4,3,9), (4,3,-2,1,5), (4,3,-5,4,5)}; dim(W) = 3

. 1(5,-3,7,-4,6,3), (9,~7,8,-9,4,7), (4,-5,-3,-6,~7,5)}: dim(W) = 3
. {(7,-3,4,2,-5,2),(5,-2, 3,3,-4, 1), (~4,1,-3,-8, 5, 1)}; dim(W) = 3
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22

23.
24,

25.

26.
217.
28.
29.
30.
31.
32.

. {{7,-3,4,2,-5,2),(5,-2,3,3,-4,1),(6,-4, 3,-9,-2,5),(-4,1,-3,-8,5, 1)};
dim(W) = 4

{(7,-3,4,2,-5,2),(5,-2,3,3,-4,1),(-4,1,-3,-2, 4,-1)}; dim(W) = 3
{{(7,-3,4,2,-5,2),(5,-2,3,3,-4,1),(8,-4,3,-9,-2,5), (-4, 1,-3,-2,4,-1)};
dim(W) =4

{(7,-3,4,2,-5,2), (5,-2,3,3,-4,1), (5,-3,2,-8,-1,4), (8,-4,3,-9,-2, 5), (-4,1,-3,-2, 4
dim(W) =5

the xz-plane. {(1,0,0),(0,0,1)}; dim(W) = 2

the x-axis. {(1,0,0)}; dim(W) =1

W is not a subspace. It is not closed under addition.
{(5,0,1,0),(0,-1,0,1)}; dim(W) = 2

{{0,5,1,0,0),(0,6,0,1,0), (-7,0,0,0,1)}; dim(W) = 3

It does not contain the origin.

W is not a subspace, because it is not closed under scalar multiplication.

1.8 Exercises

1.

10

rowspace(A): {(1,0,0,3),(0,1,0,2),(0,0,1,-4)}; colspace(A):
{(2,-3,4),(-3,0,-5),(3,-1,-2)}; .

nullspace(A): {(-3,-2,4,1)}; nullspace(A™) = {03 }; rank(A) = 3 = rank(A™);
nullity(A) = 1,

nullity(A™) =1; 3+1=4and3+0 = 3;

(2,-3,3,-12) = 2(1,0,0,3) - 3(0,1,0,2) + 3(0,0,1,-4)

(-3,0,-1,-5) = —3(1,0,0,3) - (0,0, 1,—4);

(4,-5,-2,10) = 4(1,0,0,3) - 5(0,1,0,2) — 2(0,0,1,-4)

rowspace(A): {(1,-5,0,3),(0,0,1,5)}; colspace(A): {(-2,4,-3),(3,-2,4)};
nullspace(A): {(5,1,0,0),(-3,0,-5,1)}; nullspace(AT): {(-10,1,8)};
rank(A) = 2 = rank(A");

nullity(A) = 2; nullity(A™) =1; 2+2=4and2+1 = 3;

(-2,10,3,9) = -2(1,-5,0,3) + 3(0,0,1,5)

(4,-20,-2,2) = —-4(1,-5,0,3) — 2(0,0,1,5); (-3,15,4,11) = -3(1,-5,0,3) + 4(0,0,1,5)
rowspace(A): {(1,0,4,0,3),(0,1,7,0,4),(0,0,0,1,-2)}; colspace(A):
{(5,-2,3),(-2,3,-4),(-1,-3,2)}; .
nullspace(A): {(-4,-7,1,0,0),(-3,-4,0,2,1)}; nullspace(A™) = {0s };
rank(A) = 3 = rank(A");

nullity(A) = 2; nullity(A™) =0; 3+2=5and3+0 = 3;

(5,—2,6,-1,9) = 5(1,0,4,0,3) - 2(0,1,7,0,4) - (0,0,0,1,-2)
(-2,3,13,-3,12) = -2(1,0,4,0,3) + 3(0,1,7,0,4) — 3(0,0,0,1,-2)
(3,-4,-16,2,-11) = 3(1,0,4,0,3) — 4(0,1,7,0,4) + 2(0,0,0,1,-2)
rowspace(A): {(1,3,0,4,0),(0,0,1,2,0),(0,0,0,0,1)}; colspace(A):
{(-1,-3,2),(-2,3,-4),(5,-2,3)}; .
nullspace(A): {(-3,1,0,0,0),(-4,0,-2,1,0)}; nullspace(A™) = { 0 };
rank(A) = 3 = rank(A");

nullity(A) = 2; nullity(A™) =0; 3+2=5and3+0 = 3;

(-1,-3,-2,-8,5) = <«(1,3,0,4,0) — 2(0,0,1,2,0) + 5(0,0,0,0,1)
(-3,-9,3,-6,-2) = -3(1,3,0,4,0) + 3(0,0,1,2,0) — 20,0,0,0,1)
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(2,6,-4,0,3) = 2(1,3,0,4,0) — 4(0,0,1,2,0) + 3(0,0,0,0,1)

5. rowspace(A): {(1,0,4,-1,-2),(0,1,3,2,-1)}; colspace(A): {(-2,3,-5),(5,-2,3)};
nullspace(A): {(-4,-3,1,0,0),(1,-2,0,1,0),¢(2,1,0,0,1)}; nullspace(A™): {(1,19,11)};
rank(A) = 2 = rank(A7"); nullity(A) = 3; nullity(A™) =1; 2+3 =5and2+1 = 3;
(-2,5,7,12,-1) = -2(1,0,4,-1,-2) + 5(0,1,3,2,-1);

(3,-2,6,-7,-4) = 3(1,0,4,-1,-2) — 2(0,1,3,2,-1)
(-5,3,-11,11,7) = -5(1,0,4,-1,-2) + 3(0,1,3,2,-1)

6. rowspace(A): {(1,0,0),(0,1,0),(0,0,1)}; colspace(A):
{(3,7,1,-9),(-2,-4,0,-5),(5,-6,8,2)};
nullspace(A) = {03 }; nullspace(A™): {(~14,243,141,200)};
rank(A) = 3 = rank(A");
nullity(A) = 0; nullity(A™) =1; 2+2=4and2+2 = 4
(3,-2,5) = 3(1,0,0) — 2(0,1,0) + 5(0,0,1); (7,4,-6) = 7(1,0,0) + 4(0,1,0) — 6(0,0,1)
(1,0,8) = 1(1,0,0) + 8(0,0,1); (-9,-5,2) = —-9(1,0,0) —5(0,1,0) + 2(0,0,1)

7. rowspace(A): {(1,0,1,-6),(0,1,2,5)}; colspace(A): {(2,1,-2,-2),(3,-2,1,-4)};
nullspace(A): {(-1,-2,1,0),(6,-5,0,1)}; nullspace(AT): {(3,8,7,0),(8,-2,0,7)};
rank(A) = 2 = rank(A7"); nullity(A) = 2; nullity(A™) =2; 2+2=4and2+2 = 4;
(2,3,8,3) = 2(1,0,1,-6) + 3(0,1,2,5); (1,-2,-3,-16) =(1,0,1,-6) — 2(0,1,2,5)
(-2,1,0,17) = -2(1,0,1,-6) +(0,1,2,5); (-2,-4,-10,-8) = -2(1,0,1,-6) — 40,1,2,5)

8. rowspace(A): {(1,-3,0,5),(0,0,1,4)}; colspace(A): {(-3,7,5,4),(1,-4,2,-3)};
nullspace(A): {(3,1,0,0),(-5,0,-4,1)}; nullspace(AT): {(34,11,5,0),(-1,-1,0,1)};
rank(A) = 2 = rank(A7); nullity(A) = 2; nullity(A™) =2; 2+2=4and2+2 = 4;
(-3,9,1,-11) = -3(1,-3,0,5) +(0,0,1,4); (7,-21,-4,19) = 7(1,-3,0,5) — 4(0,0,1,4)
(5,-15,2,33) = 5(1,-3,0,5) + 2(0,0,1,4); (4,-12,-3,8) = 4(1,-3,0,5) — 3(0,0,1,4)

9. rowspace(A): {(2,0,5,0,2),(0,2,9,0,14),(0,0,0,1,5)}; colspace(A):
{(0,-7,8,-2),(2,1,-2,-2),(-4,3,-1,6)};
nullspace(A): {(-5,-9,2,0,0),(-1,-7,0,-5,1)}; nullspace(A™): {(4,-6,-4,5)};
rank(A) = 3 = rank(A"); nullity(A) = 2; nullity(A™) =1; 3+2=5and3+1 = 4;
(0,2,9,-4,-6) = (0,2,9,0,14) — 4(0,0,0,1,5);

(-7,1,-13,3,15) = —%(2,0,5,0,2) + %(0,2,9,0, 14) + 3(0,0,0,1,5)

(8,-2,11,-1,-11) = 42,0,5,0,2) - (0,2,9,0,14) - (0,0,0,1,5)
(-2,-2,-14,6,14) = —(2,0,5,0,2) - (0,2,9,0,14) + 6(0,0,0,1,5)

10. rowspace(A): {(1,0,0,5,7),(0,1,0,4,5),(0,0,1,-2,-4)}; colspace(A):
{(3,7,1,-9),(-2,-4,0,6),(5,6,3,-9) };
nullspace(A): {(-5,-4,2,1,0),(-7,-5,4,0,1)}; nullspace(AT): {(9,6,-6,7)};
rank(A) = 3 = rank(A"); nullity(A) = 2; nullity(A™) =1; 3+2=5and3+1 = 4;
(3,-2,5,-3,-9) = 3(1,0,0,5,7) - 2(0,1,0,4,5) + 5(0,0,1,-2,-4)
(1,-4,6,7,5) = 7(1,0,0,5,7) — 40,1,0,4,5) + 6(0,0,1,-2,-4)
(1,0,3,-1,-5) = (1,0,0,5,7) + 3(0,0,1,-2,-4),
(-9,6,-9,-3,3) = -9(1,0,0,5,7) + 60,1,0,4,5) — 9(0,0,1,-2,-4)

11. rowspace(A): {(7,0,4,1),(0,7,29,-5)}; colspace(A):
{(15,-3,13,-9,-11),(3,-2,4,1,2)};
nullspace(A): {(-4,-29,7,0),(-1,5,0,7)}; nullspace(AT):
{(-2,3,3,0,0),(1,2,0,1,0),(4,9,0,0,3)};
rank(A) = 2 = rank(AT™); nullity(A) = 2; nullity(A™) =3; 2+2=4and2+3 = 5;
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12.

13.

14.

15.

16.
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(15,3,21,0) = %(7,0,4,1) + %(0,7,29,—5);
(-3,-2,-10,1) = _—3<7,0,4,1) - %(0,7,29,—5)
(13,4,24,-1) = 17<7,o,4, 1)+ 24.0,7,29,-5);
(-9,1,-1,-2) = _79<7,0,4,1> + ;(0,7,29,—5>
(-11,2,2,-3) = —711<7,0,4,1>+ %(0,7,29,—5)

rowspace(A): {(1,0,5,0),(0,1,8,0),(0,0,0,1)}; colspace(A):
({(3,-2,-1,2),(7,-4,3,6),(1,0,5,1)});

nullspace(A): {(-5,-8,1,0)}; nullspace(A™): {{(-1,2,-2,1,0),(23,-13,14,0,2)};
rank(A) = 3 = rank(A"); nullity(A) = 1; nullity(A™) =2; 3+1=4and3+2 = 5;
(3,-2,-1,2) = 3(1,0,5,0) - 2(0,1,8,0) + 2(0,0,0,1);

(1,-4,3,6) = 7(1,0,5,0) — 4(0,1,8,0) + 6(0,0,0,1)

(1,0,5,1) = (1,0,5,0) +¢0,0,0,1);

(-9,6,3,-8) = -9(1,0,5,0) + 6(0,1,8,0) — 8(0,0,0,1)

(4,-3,-4,9) = 41,0,5,0) - 3(0,1,8,0) + 9(0,0,0,1)

rowspace(A): {(1,0,0,2),(0,1,0,-3),(0,0,1,-4)}; colspace(A):
{(5,-3,3,-9,-1),(3,-2,4,1,2),(2,-1,3,-1,2)};

nullspace(A): {(-2,3,4,1)}; nullspace(AT): {(30,29,-9,4),(2,-3,-5,0,4)};
rank(A) = 3 = rank(AT™); nullity(A) = 1; nullity(A™) =2; 3+1=4and3+2 = 5;
(5,3,2,-7) = 5(1,0,0,2) + 3(0,1,0,-3) + 2(0,0,1,-4);

(-3,-2,-1,4) = -3(1,0,0,2) - 2(0,1,0,-3) — (0,0, 1,-4)

(3,4,3,-18) = 3(1,0,0,2) + 4(0,1,0,-3) + 3(0,0,1,-4);

(-9,1,-1,-17) = -9(1,0,0,2) +(0,1,0,-3) - (0,0,1,-4)

(-1,2,2,-16) = -1(1,0,0,2) + 2(0,1,0,-3) + 2(0,0,1,-4)

rowspace(A): {(6,1,0,7,0),(0,0,1,-9,0),¢(0,0,0,0,1)};

colspace(A): {(12,-6,18,-6,12),(3,-2,4,1,2),(5,-3,0,7,-1)};

nullspace(A): {(-1,6,0,0,0),(-7,0,54,6,0)};

nullspace(A™) = Span({(1,4,1,1,0),(-4,-9,-5,0,7)});

rank(A) = 3 = rank(A"); nullity(A) = 2; nullity(A™) =2; 3+2=5and3+2 = 5;
(12,2,3,-13,5) = 2(6,1,0,7,0) + 3(0,0,1,-9,0) + 5(0,0,0,0,1)

(-6,-1,-2,11,-3) = —(6,1,0,7,0) — 2(0,0,1,-9,0) — 3(0,0,0,0,1)

(18,3,4,-15,0) = 3(6,1,0,7,0) + 4(0,0,1,-9,0);

(-6,-1,1,-16,7) = —6(6,1,0,7,0) +(0,0,1,-9,0) + 7(0,0,0,0,1)

(12,2,2,-4,-1) = 2(1,+,0,Z,0) + 2(0,0,1,-9,0) - (0,0,0,0,1)

rowspace(A): {(1,0,5,0,0),(0,1,8,0,0),(0,0,0,1,0),(0,0,0,0,1)};

colspace(A): {(3,7,1,-9,4),(-2,-4,0,6,-3),(2,6,1,-8,9),(5,6,3,-9,7)};
nullspace(A): {(-5,-8,1,0,0)}; nullspace(A™): {(91,82,-74,93,16)};

rank(A) = 4 = rank(AT); nullity(A) = 1 = nullity(A™); 4+ 1 = 5 for both matrices;
(3,-2,-1,2,5) = 3(1,0,5,0,0) — 2(0,1,8,0,0) + 2(0,0,0,1,0) + 5(0,0,0,0,1)
(1,-4,3,6,6) = 7(1,0,5,0,0) — 40, 1,8,0,0) + 6(0,0,0,1,0) + 6(0,0,0,0,1)
(1,0,5,1,3) = (1,0,5,0,0) + 5(0,0,0,1,0) + 3(0,0,0,0,1)

(-9,6,3,-8,-9) = 9(1,0,5,0,0) - 6¢0,1,8,0,0) - 8(0,0,0,1,0) — 9(0,0,0,0,1)
(4,-3,-4,9,7) = 41,0,5,0,0) - 3(0,1,8,0,0) + 9(0,0,0,1,0) + 7(0,0,0,0,1)
rowspace(A): {(1,0,7,0,2,4),(0,1,-9,0,1,-6),(0,0,0,1,5,-3)};

colspace(A): {(2,-1,3,-1,2),(3,-2,4,1,2),(1,-3,2,-2,-1)};
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17.
18.

19.

20.
21.
22.
23.
24,
25.
26.
27.
28.

29.
30.
31.
32.
33.

34.
35.
36.

37.
38.

39.
40.
41,
42,
43.
44,
45,
46.

47.

nullspace(A): {(-7,9,1,0,0,0),(-2,-1,0,-5,1,0),(—4,6,0,3,0,1)};
nullspace(A™): {(-19,1,14,3,0),(0,-1,-1,0,1)}; rank(A) = 3 = rank(A");
nullity(A) = 3;

nullity(A™) = 2; 3+3=6and3+2 =25;

(2,3,-13,1,12,-13) = 2(1,0,7,0,2,4) + 3(0,1,-9,0,1,-6) +(0,0,0,1,5,-3)
(-1,-2,11,-3,-19,17) = -1(1,0,7,0,2,4) — 2(0,1,-9,0,1,-6) — 3(0,0,0,1,5,-3)
(3,4,-15,2,20,-18) = 3(1,0,7,0,2,4) + 40,1,-9,0,1,-6) + 2(0,0,0,1,5,-3)
(-1,1,-16,-2,-11,-4) = —<(1,0,7,0,2,4) +(0,1,-9,0,1,-6) — 2(0,0,0,1,5,-3)

(2,2,-4,-1,1,-1) = 2(1,0,7,0,2,4) +(20,1,-9,0,1,-6) — (0,0,0,1,5,-3)
(3,0,-2,0) +x4(5,-4,7,1)

(5,6,0,—4) +x3(-3,2,1,0)

(5,0,-3,0) +x2(4,1,0,0) +x4(0,0,-1, 1)

(7,0,0,-2) +x2(2, 1,0, 0) + x3(-6, 0, 1, 0)
(2,-4,0) + x3(-3, 5, 1)

(7,0,-2) + x2(6, 1, 0)

(0, 3,-8,0) +x4(4,-7,-3, 1)
(-2,0,3,7)+x2(5,1,0,0)

(-8,-5,0,0) +x3(3,-4, 1, 0) + xa(-2,6, 0, 1)

(-5,2,4,0,0) +X4(~7, 4,-6, 1, 0) + X5(-5,3, 2,0, 1)

(5,-1,0,0,0) +x3(-3,2,1,0,0) +x4(4, 9,0, 1, 0) + X5(6,-8, 0, 0, 1)

(5,6,0,-4,9) +x3(-3,2,1,0,0)

(-2,0,9,6,0)+x2(5,1,0,0,0) +x5(—4, 0,-7,-3, 1)
(0,2,0,-7,4)+x1(1,0,0,0,0)+x3(0, 3,1,0,0)

(4,5, 2300>+x5<5 -3,2,-7,1,0) +X6(-3,0,-4, 6,0, 1)

<20 ,0,0,-1) +Xx2(-6, 1,0,0,0,0) +x4(-3,0,8,1,0,0) +x5(-5, 0, 2,0, 1, 0)
(3 0,9, 4) +x3(-5,2,1,0,0)

(-2,5,0,6,0) +x3(4,-6,1,0,0) +x5(-7,3,0,-9, 1)

(-2 60380>+x3<8 -5,1,0,0,0) +xe(1,-7,0,4,-9, 1)

(5230 -8,9) +x4(-6,7,-4,1,0,0)

(7,-8,0) + x3(4,-5, 1)

(7,6,—4,0) +x4(-3,2,5,1)

(4,-3,0,9) +x3(2,-7,1,0)

(3,-2,0,0) +x2(4,1,0,0) +x4(-5,0, - 7,1)

(-3,2,0,0,0)+x3(—4,7,1,0,0) +x4(9,-3,0,1,0) + x5(-6, 5,0,0,1)
(5,0,0,4,0)+x2(-4,1,0,0,0) +x3(6,0,1,0,0) + xs{-7,0,0,3,1)
(6,0,-11,0, 0) +x2(5,1,0,0,0) + x4{—4,0,2,1,0) + xs{7,0, - 4,0,1)
(-5,3,-4,2,0) +x5(-3,5,2,- 7,1)

(3,8,0,-2,7,0) +x5(-5,3,1,0,0,0) +x6(1,0,0,-4, 6,1)

rowspace(A): {(1, 0, 4, 5),(0, 1,-2,-3)}; colspace(A): {(3, 5, 16), (2,7, 29)};
nullspace(A): {(-4, 2, 1, 0),(-5, 3,0, 1)}; nullspace(AT): {(3,-5, 1)};

rank(A) = 2 = rank(A"); nullity(A) = 2; nullity(A™) =1; 2+2=4and2+1 = 3.
rowspace(A): {(1,0, 4, 0),(0,1,-3,0),(0,0,0, 1)}; colspace(A):

{(5,-4, 3),(6,-7, 2),(1, 2, 3)};

nullspace(A): {(-4, 3, 1, 0)}; nullspace(A™) = {63};
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49,

50.

51.

52.

53.

54.

55.

56.
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rank(A) = 3 = rank(A7); nullity(A) = 1; nullity(A™) =0; 3+1=4;3+0=3.

rowspace(A): {(1,0, 4,0, 6),(0,1,-3,0,-3),¢(0,0,0, 1,-4)};

colspace(A): {(5, 4, 3),(6, 7, 2),(1,-2, 3)}; nullspace(A):

{(-4.3,1,0,0),(-6,3,0,4,1)};

nullspace(A™) = {03}; rank(A) = 3 = rank(A7); nullity(A) = 2; nullity(A™) = 0;

3+2=5;3+0=3.

rowspace(A): {(1,0, 4,0, 2),(0,1,-3, 0, 5) (0,0,0,1,7)};

colspace(A): {(3,5, 1, 4) (4,7,2,3),(3,4,-1, 2)};

nullspace(A): {(-4, 3, 1,0, 0),(-2,5,0,-7 1)} nullspace(A™): {(3,-2,1,0)};

rank(A) = 3 = rank(A"); nulllty( ) = 2; nulllty(AT) =1, 3+2=5;3+1=4.

rowspace(A): {(1,0,5,0,-8),(0,1,-7,0,3),(0,0,0,1, 7)};

colspace(A): {(4, 6, 17, 28),(2, 3, 8, 13), (5, 7, 20, 30)};

nullspace(A): {(-5,7,1,0,0),(8,-3,0,-7,1)}; nullspace(A"): {(9,-5,-2,1)};

rank(A) = 3 = rank(A7); nullity(A) = 2; nullity(A™) =1; 3+2=5;3+1=4.

rowspace(A): {(1,0,-7,0,-9),(0, 1, 4,0, 3),(0,0,0, 1, 2)};

colspace(A): {(4, 2,5,7,10), (11,5, 12,9, 19), (9, 4, 10, 8, 17)};

nullspace(A): {(7,-4, 1,0, 0), (9,-3,0,-2, 1)}; nullspace(AT):

{(6,-3,-5,1,0),(3,4,-6,0,1)};

rank(A) = 3 = rank(A"); nullity(A) = 2 = nullity(A™); 3+2 =5 for both Aand A".

rowspace(A): {(1, 0, 4,0, 0),(0, 1,-5, 0, 0),(0,0,0,1,0),¢(0,0,0, 0, 1)};

colspace(A): {(3,1,0,-1,-4),¢(2,1,2,-6,-7),(-1,-1,-3,7,8),(-1, 0, 4,-13,-6)};

nullspace(A): {(-4,5, 1, 0, 0)}; nullspace(AT): {(3,-8,4,1,0)};

rank(A) = 4 = rank(A"); nullity(A) = 1 = nullity(A™); 4+ 1 =5 for both Aand A™.

rowspace(A): {(1,0,-2,-3,0),(0, 1,6,5,0)(0,0,0,0, 1)};

colspace(A): {(4,9,0,11,-6,-9),(2,4,2,5,-2,-4),(1,2,1,2,1, 1)};

nullspace(A): {(2,-6, 1, 0, 0), (3,-5,0, 1, 0)};

nullspace(A™): {(-9,4,1,0,0, 0), (-5,-2,0, 4, 1,0),(-3,-5,0,6,0, 1)};

rank(A) = 3 = rank(A"); nullity(A) = 2; nullity(A™) =3; 3+2=5,and3+3 = 6.

rowspace(A): {(1,0, 1,0, 0),¢(0, 1,-7,0, 0),(0,0,0,1,0),¢(0,0,0,0, 1)};

colspace(A):

{(3,0,12,-1,12,-1),(1,-1,1,-1,0, 0),{(-2,-2,-14,-1,-17, 4),(0, 5, 15, 4, 22,-6)};

nullspace(A): {(-1,7,1,0,0)}; nullspace(A™):

{(-4,-3,1,0,0,0),(-5,-2,0,-3, 1, 0)};

rank(A) = 4 = rank(A7); nullity(A) = 1; nullity(A™) =2; 4+1=5,and4+2 = 6.

rowspace(A): {(1,0, 2,0,0,5),(0,1,3,0,0, 2),{0,0,0,1,0,7),(0,0,0,0, 1, 4)};

colspace(A):

{(3,4,1,-6,-1,9),(1,-3,-2, 1,1, 2),(0, 2,1,-2, 2,-18), (-4,-5,-1,9,-3, 18)};

nullspace(A): {(-2,-3,1, 0,0, 0), (-5,-2,0,-7,-4, 1)}; nullspace(A"):

{(-2,5,-8,1,0,0),(-4,3,-2,0,7,1)};

rank(A) = 4 = rank(A"); nullity(A) = 2 = nullity(A™); 4+2 = 6 for both Aand A™.
,0,0,1,0,-4),(0,0,0,0,0,1,5)};

rowspace(A):
{(1,0,4,5,0,0, 3),(0, 1,9,8,0,0,-4),(0,0

2,4,3), <2 2,1,12,0),(2,3,1,17, 1)};
nullspace(A): {(— 4 9 1,0,0,0,0)(5,-8,0,1,0,0,0),(-3,4,0,0,4,-5, 1)};
nullspace(A™): {(-3,-5, 4, 1,0)}; rank(A) =4

nullity(A™) = 1;

—4
colspace(A): {(3,-4,-3, 1,-5), (-1, 3,
=

= rank(A™); nullity(A) = 3;
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4+3=7,and4+1=05.

63. 6 x13. 67. a. False b. True c. False d. False e. True f. True g. False h. True i.

False j. False k. True I. True m. False n. False o. False.

1.9 Exercises

Selected Answers to the Exercises

B 43
: 1 } W: {(11,0,43),(0,11,-13)}; W*: {(-43,13,11)}; dim(W) = 2;

01 -8

dim(W+) =1;2+1 = 3.
10 % &

17 17 . . . N
01 4 _u | W: {(17,0,26,-1),(0,34,11,-22)}; W+:
34 17

{(-52,-11,34,0),(1,11,0,17)};
dim(W) = 2; dim(W+) = 2; 2+2 = 4.
10 & 1 4

11 11 11 YYS .
01 w 1 ; W2 {(11,0,5,1,12),(0,11,-20,-37,18) };

11 11 11
W+: {(-5,20,11,0,0),(-1,37,0,11,0),(-12,-18,0,0,11)}; dim(W) = 2; dim(W*) = 3;
2+3 =5.

~5 3 -2 J;w: {(2,-5,6,-3)}; W+ {(5,2,0,0),(-3,0,1,0),(3,0,0,2)};

dim(W) = 1; dim(W*) = 3; 1+3 = 4.

15 2 J;w: {(3,-1,5,2,6)}:

W= {(1,3,0,0,0),(-5,0,3,0,0),(-2,0,0,3,0),(~2,0,0,0,1)};
dim(W) = 1; dim(W+) = 4; 1+4 =5,

10 & 0
01 % 0 |[; W:{(17,0, 26, 0),(0, 34, 11, 0),(0, 0, 0, 1)},
00 0 1
W*: {(-52,-11,34,0)}; dim(W) = 3; dim(W*) = 1; 3+ 1 = 4.
10 % &
17 17
01 % —% y W:{(17,0, 26,-1), (0, 34, 11,-22)};
00 O 0
W {(-52,-11,34,0),(1,11,0,17)}; dim(W) = 2; dim(W*) = 2; 2+2 = 4,
100 -2 3
O 1 O 3 _5 ; W. {<110$01_2$3>$ <O11a013a_5>a <0$01 1’_417>};
001 -4 7

W= {(2,-3,4,1,0),(-3,5,-7,0,1)}; dim(W) = 3; dim(W+) = 2; 3+2 =5,

15



10.

11.

12.

13.

16

1000 <&

0100 -1
5 |: W: {(16,0,0,0,17), (0,8,0,0,-1), (0,0,16,0,3), (0,0,0,8,~5)};

0010 &

0001 -2
W+: {(-17,2,-3,10,16)}; dim(W) = 4; dim(W*) = 1; 4+ 1 = 5.
100 -17 9 |
010 —29 16
001 -2 2 | W=Span({(1,0,0,-17,9),(0,1,0,-29,16), (0,0,1,-2,2)});
000 0 O
000 0 O

W+ = Span({(17,29,2,1,0), (-9,-16,-2,0,1)}); dim(W) = 3; dim(W*) = 2;
3+2=05.

a. Yes. b. Yes. c. No. d. Yes. e. No. f. No.
1o § 4 %
01 -2 1 _1r
a. R= 8 8 8 ; b. {(-10,9,8,0,0),(6,13,0,8,0),(22,17,0,0,8)}
00 O 0 0
00 O 0 0

c. {(4,0,5,-3,-11),(0,8,-9,-13,-17)} d. dim(W) = 2; dim(W+) =3; 2+3 =5. e.
B™ is not a basis because the 2nd vector is parallel to the first. B is a basis because
dim(W) = 2 and these two vectors are not parallel to each other and both vectors are
members of the Spanning set. B® is a basis for W for the same reason.

- . 100 2
1 -2 00 -4 :
) 010 %
A | 00 10 -% o
a R= eR=1 0010
0001 2
0 0 00 O 0o
L . 000 0

b. {(2,3,0,0,0),(11,0,9,-15,18)}

c. {(18,-12,0,0,-11),(0,0,2,0,~1),(0,0,0,6,5)}; d. dim(W) = 3 and dim(W+*) = 2;
3+2=05.

f. B is a basis because the first 3 columns of R’ are linearly independent. B is not,
because the 4th column is dependent on the first two. B® is independent. Suppose

V4 = C1V1 + C3V3 Where neither cq nor ¢z is zero (notice, V4 is not parallel to either V; or
V3, 50 a dependence equation must involve both vectors). But V4 = 2Vy + +V,. Setting
these two equal, we would get a dependence equation for Vy, V, and V3, which is
impossible. Similarly, B® is independent.

Selected Answers to the Exercises



14.

15.

16.

17.

18.

19.
20.
21.
22.
23.
24.
25.
26.
217.
36.

100 3 _ _
10 7 0 9
0103 01 -50 -3
a R = 1 2 |eR = B B b. {(-10,-5,—4,6
001 2 00 0 1 2 a( s
0000 00 0 0 0
000 O — —

c. {(3,0,0,5),(0,6,0,5),(0,0,3,2)} d. dim(W) = 3and dim(W*) = 1; 3+1 = 4.

f. B is dependent, because the first three columns of R/ are dependent. B is
independent, because €1, ¢, and ¢4 of R/ are independent. B® is independent. Suppose
V4 = CaV7 + C3V3, again, where neither ¢, nor cs is zero. But we know that

V3 = 7V1 — 5V,. Plugging this into the previous equation gives us a dependence equation
for V4 with V; and V,, which is impossible. B® is independent but the reasoning is a bit
more complicated. Suppose Vs = c3Vs + C4V4. Replace Vs with 7V, — 5V, as before, and
distribute this over c3. Replace Vs with 9V; — 3V, + 2V,4. Use the Uniqueness of
Representation Property to get a contradiction.

a. {(1,0,5,0,4),(0,1,-4,0,3),(0,0,0,1,-6)+ b.

{(4,3,8,5,-5), (5, 7,-3,6,5), (3, 4,-1, 4, 0)}

c. {(-5,4,1,0,0), (-4,-3,0,6,1)} d. B® is not a basis; B® is a basis; B® is a basis.
4(3,0,0,-10,-2), (0, 3, 0, 4,~1), (0, 0, 3,-13,-2)}

{(5,8,-3,7,-4), (3, 4,2, 4,-2), (-8,-9, 5,~7, 5)}
{(10,-4,13,3,0),(2,1,2,0,3)} d. BD is not a basis; B® is a basis; B® is a basis.
1(44,0,0,0,81), (0, 66,0, 0, 25), (0, 0, 44, 0,~29), (0, 0, 0, 132, —487)}
{{7,4,-3,2,9),(3,-5,2,-1,6),(6,9,-7,3,8),(4,-2,5-1,7) }

{(-243,-50, 87, 487, 132)} d. B® is a basis; B? is a basis; B® is not a basis.
{(1,0,7,-4,0,2),(0,1,-5,3,0,-5),(0,0,0,0,1,8)}

{(3,5,~4,3,3,5), (~2,—4, 6,—4,-2, 0, (1,-1, 12,~7,-1,-1)}
{(-7,5,1,0,0,0)(4,-3,0,1,0,0),(-2,5,0,0,-8, 1)}

B®M is a basis; B® is a basis; B® is not a basis; B® is a basis.

1 =12 2 100
Therrefof | -1/2 -1/2 1 |is| 0 1 0 [, sothe last3 columns are linearly

1 12 0 001

independent. Thus, B is linearly independent.

a. No. b. Yes. c. Yes. d. No. e. No.

a. Yes. b. Yes. c. Yes. d. Yes. e. No.

a. Yes. b. Yes. c. Yes. d. No. e. Yes.

22. a. Yes. b. Yes. c. No. d. Yes. e. Yes.

No. b. No. c. Yes. d. Yes. e. No.

No. b. Yes. c¢. No. d. Yes. e. No.

Yes. b. No. c. No. d. Yes. e. No.

Yes. b. Yes. c. Yes. d. Yes. e. No.

No. b. No. c. Yes. d. Yes. e. Yes.

a. True. b. True. c. False. d. True. e. False. f. True. g. True. h. True. i. False. j.
True. k. False. I. True. m. False. n. False. o. True. p. True. g. False. r. False. s.
True. t. True. u. True.

coopoTpPOoOT

e o
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37. a. False. b. True. c. False. d. False. e. True. f. False. g. False. h. True. i. False.
J. True. k. False. I. True. m. False. n. True. o. False. p. False. g. False. r. True.
s. True. t. False.
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Chapter Two Exercises

2.1 Exercises

1. a. fisa function since every parent has a unique oldest child. b. g is not a function
because x may not have any daughter at all. c. h is a function because every person has a
unique mother. d. k is not a function because y may not have any brother at all. e. pis
not a function because even though x has at least one child, none of the children of x may
have any children of their own. f. qis a function because the father of y is unique, say
call him z, and the mother of z is also unique.

2 3
2. a(-15,38,5).c.[T]=| 1 -5
4 1
20 -5 0
3. a.(-25-6-9).c.[T]=| 03 1 -2
38 0 0
[ 32 5 |
4 a(55-21,58,84) c.[T]=| - ° %
02 -7
49 0
5 -3 -2
5. a.(23,62,-10).c.[T]=| 4 -6 3
2 2 0

6. No. T is neither additive nor homogeneous.
7. No. T is neither additive nor homogeneous.
0 2
8. a.[T] = -5 4 [.b.TUXYy)) =(2y,-5x+ 4y, 3x—7y) c. (-4,-43,35).
3 -7
-3 20
9. a. [T] = 5 7 4 ] b. T(X,Y,2)) = (-=3x+2y,5x+ 7y +4z) c. (-19,35).

10. a.[T] =

o O —», O O
_ O O O O
o O O —» O
o r O O O
O O O O -
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b. T({X1, X2, X3, X4, X5)) = (Xs, X3, X1, X4, X2) C. (9,5, 3, 2, 0).
11. T(V1) = (6,4, 17) and T(V2) = (-13, 10,-44).

. - =yl =
T(j) TCi+j) T(i+]) 4[T3)

Exercise 14 Exercise 15
T(i+j)
y
1 X ! T (i)
T(+j) TU)
_ X
T(1)
Exercise 16 Exercise 17 Exercise 18 Exercise 19

Exercise 20 Exercise 21 Exercise 22 Exercise 23
23. The box “collapsed” into a line, because the two columns are parallel.

T (u)

X T(V) X T (V) X
Exercise 24 Exercise 25

26. a. Yes. b. No. ¢c. No. d. Yes. e. No. f. No. g. Yes. h. No. i. No. j. No. k. No. I.
Yes.

29. [Sy] =

00 - k
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2.2 Exercises

1.

Jerz -1z | _ /543 -3 3J§+5>
12 J312 ]’r0t6(<5’3>)< 7 2

4/5 -3/5

35  4/5 } rote((5,3)) = (11/5,27/5)

-5/13 -12/13

; roty((5,3)) = (—61/13,45/13)
12/13 -5/13
12/13 -5/13

; rote({5,3)) = (45/13,61/13)
5/13 12/13

rote((5,3)) = <—% J2+2-5[-2+2,5[/2+2 —%,/—ﬁ+2>

|

~ (~4.685,3.471)

~1/2 J312
-J312 12

21/29 20/29
—-20/29 21/29

3/5 4/5
—4/5 3/5

} rote((5,3)) = ((-5+343)/2,(-3-5/3)/2)
]; roty((5,3)) = (165/29,-37/29)

:|; rote((5,3)) = (27/5,-11/5)

-8/17 15/17

; rote((5,3)) = (5/17,-99/17)
-15/17 -8/17
—A B roty((5,3)) = (B, -4
w0 ~ (2.75,-5.14)

15/34  9/34 —-15/34  25/34

. 25/34 15/34 _ 9/34 —15/34
11. [proj.] = ; [proj.:] = ;

8/17 15/17
[refl ] = :
15/17 -8/17

proju((3,2)) = (105/34,63/34);
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proj,:((3,2)) = (-3/34,5/34); refl_((3,2)) = (54/17,29/17)

proj.] - 49/65 28/65 - [proju.] - 16/65 —28/65 |
' : 28/65 16/65 | ) ~28/65 49/65 |

33/65 56/65
[refl ] = :
56/65 —33/65

projL((3,2)) = (203/65,116/65),
proj, +((3,2)) = (-8/65,14/65); refl_((3,2)) = (211/65,102/65)

oro ]~ | 2L 2ok | [ aee 20 ]
- LProl o041 1641 | PP 20/41 25/41 |

9/41 -40/41
[refl ] = ;
-40/41 -9/41
projL((3,2)) = (35/41,-28/41);
proj +((3,2)) = (88/41,110/41); refl ((3,2)) = (-53/41,-138/41)

proj.] - 9/58 -21/58 | proj,.] = 49/58 21/58 |
' ; -21/58 49/58 | ) 21/58 9/58 |

et [ 220/29 —21/29 }

-21/29  20/29

projL((3,2)) = (~15/58, 35/58);
proj.((3,2)) = (189/58,81/58); refl ((3,2)) = (~102/29,-23/29)

T o _3 .
Cprojl = | Yy lprojl = | [0 [ (refl] =

3 9 2 -3 L

1 10 10 10

0
projL((3,2)) = (9/10,27/10);
proj, . ((3,2)) = (21/10,~7/10%; refl_((3,2)) = (-6/5,17/5)

ol|w o~
ol or|w

}

13 -8 12 16 8 -12
i1 1| _ : o1 ~ _
- [projn] = 54 8 25 6 | [proju] = 54 8 4 -6 |
12 6 20 -12 -6 9
-3 -16 24
[refln] = 5| 16 21 12
24 12 11
61 10 —12 4 -10 12
11 . T N B 3 .
- [projn] = &¢ 10 40 30 i [proju] = &2 10 25 -30 |
-12 30 29 12 -30 36

Selected Answers to the Exercises



57 20 -24
[refln] = +| 20 15 60

65
24 60 -7
41 28 35 49 28 -35
18. [projn] = g5| 28 74 20 [;[proji] = g5| -28 16 20
35 20 65 35 20 25
4 28 35
[refln]=4—15 28 29 -20
35 20 20
25 0 -15 9 0 15
19. [projnl =& 034 0 [ [projl= L[ 0 0 0
15 0 9 15 0 25
8 0 -15
[refln] = 3| 0 17 0
15 0 -8
53 0 0 0 0 O
20. [projn] = 55| 0 49 14 [ [projl=g5| 0 4 -14 |
0 14 4 0 -14 49
53 0 0
[refln] = 5| 0 45 28
0 28 45
21. [ 0 -1 ]; No, because of the —1.
1 0
[ 10 -15 6 |
2. [refl.] = | 15 6 10 | ={frefln].
6 -10 -15
[ 57 20 24 |
23. [refl,] = 6—15 20 -15 —60
24 60 7

24. a. T(V) = (2,5; and T(W) = (4,—3; c. it corresponds to refl,
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100 001
e.| 0 0 1 |isthe matrix of the reflectionacrossy =z, and| 0 1 0 |isthe
010 100

matrix of the reflection across x = z. f. T({X1, X2, X3, Xa)) = (X1, Xa, X3, X2); T
exchanges the 2nd and 4th components of V.

27. 6Xx—3y +8z =

28. a. /29//38, J_/J_ J34 138 . The radicand in the numerator is the respective

diagonal entry.

15. —6& oy 15 . el 15 ~ 0
b. 38’ 38 a8’ C. cos(aij) \/?)T,oz.,J COS (J37_7> 39.42
-6 . -1 —6 0- 10 .
cos(aik) = p Qik = C0s | —— | = 101.02%; cos(ajk) = ——;
(@) = ~ogg ik ( 986 @)= 2z
_ - 10 0
ajk = Cos| ——=—— | = 61.60
2.3 Exercises
5 -2 14
1. a (Ti+T2)(X Y, 2) =(5x—2y+14z,2x + 3y —4z). b. [T1+ T3] —[ ) 3 4 ]
3 -2 5 2 09
c. [T1] = and [T2] =
1 4 -7 1 -1 3
-12 8 —-20
e [—4T1] = = —4[T1].
-4 -16 28

2. a (T1+T2)UXY,2) =(3X-2y+4z2,2x -y -4z, X+ 2y + 32,-3X -y + Z).

3 2 4 1 -2 3 2 01 |
b. 2 -1 c.[T1] = 1 04 and [T2] = 110 e.
1 2 3 0 2 0 1 0 3
3 -1 1 1 -1 1 4 00
(3 6 9
3 0 -12
06 0
3 -3 3

3. 'Fhe matrices that—do not existare: b. A—B d. 7C +4A f. CB h. BE. The matrices that
exist, and their sizes, are:

2 4 —
a.|: 3] 2x3

6 7 -5
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C. 4 26 3x2

e. 43 -19 3x2

g. 2x%x2

3 31 -13
I. -2 -46 20 3x3
17 =27 17

55 34
J. 2x2
-19 15

317 -118
2x2
-163 121

{13 195 -91

26 -314 148 3x3
65 -367 183

461 178
0. 2x2
-167 -23

1 8 -15
4. a. 37 52 69 |
-28 -17 2

56 5 -35 55

-1 -29 18 16

-3 24 -13 39
-39 4 41 -63
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5 -15 -15 13 70
C. 93 -35 63 -49 88 |, 3x5
-63 -15 -14 31 -4
d. does not exist

13 -56 72 |
52 -31 -41
e. ; 4x3
63 50 10
37 -29 —60

-50 -53 65 -25
23 1 0 10
f. 64 26 -20 20 Sx4
-11 -17 -12 26
-16 6 20 -20

41 51 -84
-19 20 41
g. 14 -17 -60 |; 5x3
12 2 31
41 36 -9
h. g_oes not exist

89 59 -59 30
. -17 49 -21 O ; 44
-85 27 139 -58
71 6 =75 -4
J. does not exist.

[ 631 225 362 -299 672 |
K =237 -105 -101 163 194 . 4x5
14 250 247 -54 272

-550 310 -477 312 -622

I. same as k
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503 -1 -356
-139 -207 -326
m. ;4 x 3 (same as part n)
—425 649 1340

306 83 -560

717 153 -597
0. 45 4173 2895 |; 3x3
—713 626 1597

5. a. The codomain of T1 is R4, which is also the domain of T,. The domain of T, o T; is
R?2 and the codomain is R3

b. This is not well defined. c. (9x — 26y, 33x + 9y, —6X + 54y)

3 2
9 -26 300 -5
5 1
d. 33 9 e.[T2]=| 07 2 -1 |[;[Ti]= L 3 ;
-6 54 006 9
0
9 -26
[T2][T1] = 33 9
-6 54

6. a. The codomain of one is the domain of the other, so both compositions are well-defined.
TooT: :R3 5 R3and T1 0Ty @ RY » R4,
b. (T2oT1)({X,Y,2)) = (9x+ 10y + 7z, 16x — 8y + 32z, 6x + 9y — 127), and
T10Ta((X1,X2,X3,Xa)) = (9X1 + 35X2 + 4X3 — 29X4, 6X1 — 7X2 + 22X3 + 27X4, 3X1 + 6X3 + 4X

9 3 4 -29
9 10 7
6 -7 22 27
C.[TaoTi]=| 16 -8 32 |, [T1T2] =
30 6 4
6 9 -12
0 7 -10 -19
3 5 -1
300 -5
d. [T2] 07 2 -1 |; [T4] 2 -1 4
. [T2] = — ; 1] = ;
1 0 1
006 9
0o 1 -2
9 35 4 -29
9 10 7 6 -7 22 27
[T2][T1] = 16 -8 32 y [T][T2] =
3 0 6 4
6 9 -12
0O 7 -10 -19
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7. a. The codomain of one is the domain of the other, so both compositions are well-defined.
TooT1 :R25R2andT10Ty : R® > RS b,
(T20T1)({XY)) = (10x — 13y, 17x + 26y), and
(T1 0 T2)({X1,X2,X3,X4,X5)) = (21X1 + 7X2 — 2X3 + 3Xa — 6Xs5,21X2 — 20X3 + 16X4 — 25Xs,
78X1 + 35X — 16X3 + 18X4 — 33X5,54X1 + 12X3 — 6X4 + 6X5,—6X1 — 14X2 + 12X3 — 10x4 + 16X

21 7 -2 3 6

0 21 -20 16 -25
10 -13
C.[T20T1] = ; [T1oT2]=| 78 35 -16 18 -33

17 26
54 0 12 -6 6
-6 -14 12 -10 16

21 7 -2 3 -6
0 21 -20 16 -25
[T][T2]=| 78 35 -16 18 -33
5 0 12 -6 6

-6 -14 12 -10 16
13. IfAismx kT then B has to be k x m. For b?)th compositions to be defined, m must equal

n.
2.4 Exercises
11 -7 -1 11 i 96 138 56 75
1. a -6 4 0 1 b. -54 -32 C. 0 77
-7 13 8 4 -72 5 -40 -15
40 63 [ 96 138
d. 54 -109 e. 54 32
-32 20 72 5

28 Selected Answers to the Exercises



[ 2 12 ]
48 59 8 -4
3 -2
Ll o o | o] 64 -132 | h| 20 -2
5 8 37 12
8 7
48 59 131 217
i.| 64 —132 | j. | -16 -73
5 8 21 -34
2 3 0 |
0 5 -7 50 2
2. a.[T1] = ; 4x3; [T2] =
1 -1 4 28 -6 7
6 1 -1
-
1 -1
MTs]=| 7 3 | 5x2
4 1
1 5

b. (Tzo0 'I_'l)(<x,y, z>_) = (6x — 18y + 9z,40x + 47y — 87z).

6 -18 9
C. : 2x3; d. sameasc.
40 47 -87

9 16 -10 13
3 -8 8 -8
e.[TaoT2]=| 41 24 -4 14 | (5x4);
22 8 2 3
15 40 -28 34

86 76 -165
34 65 96
f.[TaoT20T1]=| 162 15 -198 | (5x3).
64 -25 -51
206 217 -426

8/17 15/17 3/5 45
3. a[Ti = ;[T2] = ;
15/17 -8/17 —_4/5 3/5
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9/58 -21/58
[Ts] = :
-21/58  49/58
84 13 _243 567
e B S fmem-| =
85 85 986 986

483 1881 2997 729
2930 4930 . 4930 4930 .
C.[TsoTzoT:i] = 1127 4389 |’ [T1oTsoT2] = 3737 909 ’

4930 4930

4930 4930
we get different answers.

5 _4
2 -3 1
4. [T = 2X3,T = 1 -3 3X21
T [457} ), [T2] (3x2)
7 2
6 5 33
[T10T2] W3 o2y Moy 10 12 22 |(3x3)
oT2] = y[ToeTa] = - :
. 34 -15
22 31 -7

_— 44 -35 A3 ~307 378 Al 2811 —2905
' 25 39 | 270 -253 | 2075 2396 |
20,533 -21,308

P(A) = 41, — 6A +5A2 — 2A3 + 7TA* =
~15,220 17,489

]. Reminder: the first

term is 4l5.
3 -8 -16 -5 -56 -118 -15 -72 -170
6. A2=| 0 1 -6 | A®= 9 -25 42 |, p(A) = 39 59 -54
4 24 51 25 180 349 23 268 495
7. a. We have two non-zero, non-parallel vectors. b. (217,579,-694)
8. a. The rref of the matrix with the 3 vectors as columns is I3. b. (18, 179 sL,-7, %)
-1 0 cos(f) —sin(@ ] .
16. a. _ ©) ©) ; rotate R? by 0, then reflect R? across the y-axis.
0 1 sin(f) cos(0)
i cos(f) —sin(@ 1 0 ]
b. ) ©) () : reflect R? across the x-axis, then rotate R? by 0.
sin(f) cos(0) 0 -1

19. Rotating R? by a, followed by another rotation by S results in a net rotation by a + S.
Similarly, rotating R? by B, followed by another rotation by « results in a net rotation by
P + a, which is the same as a + .
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2.5 Exercises

31-7 8 10 -3 5
1 a[fi)=| 22 =2 -4 |bRi=| 01 2 -7
21 8 -17 00 0 O

c. {(3,-2,1,0),(-5,7,0,1)} d. nullity(Ty) = 2
e. Trisnot1-1. 1. {(3,2,-2),(1,2,1)} g. rank(Ty) = 2 h. Ty isnotonto. i. 2+ 2 = 4.

3 6 5 1 -2 0
2 4 7 0 0 1
2. a[T,] = b.R, = c. 42.1.0
[T2] 5 10 3 ? 00 0 (21.0);
1 28 0 0 0

d. nuIIity(T_z) = 1: e. T, is not 1-1.
f. {(3,2,-5,-1),(5,7,3,8)} g. rank(Tz) = 2. h. Tz isnotonto.i.2+1 = 3.

-5 -7 2 10 -6
3. a[Ts]=| -2 1 16 |[b.Rz=| 01 4
3 -2 -26 00 O

c. {(6,-4,1)} d. nullity(T3) = 1; e. Tz is not 1-1.
f. {(-5,-2,3),(-7,1,-2)} g. rank(T) = 2. h. Tz isnotonto.i.2+ 1 = 3.
The kernel is a line with direction (6,—4, 1), and the range is a plane with equation
x — 31y — 19z = 0 k. The kernel is not necessarily orthogonal to the range (columnspace).
The kernel is always orthogonal to the rowspace.
4. a. {(-5,2,1)} b. 1 c. T is not one-to-one. d. {(2,3,3,-3,3),(3,4,5,2,10)}
e. 2. f. T is not onto. g. not full-rank. h. 2 + 1 = 3.
5. a. there is no basis for the kernel of T. b. 0 c. T is one-to-one.
d. {(2,3,3,-3,3),(3,4,5,2,10),(4,7,5,-18,-5)}
e. 3 f. T is not onto. g. full-rank. h. 3+ 0 = 3.
6. a. {(-4,-9,1,0,0),¢5,3,0,1,0),(-2,1,0,0,1)} b. 3 c. T is not one-to-one.
d. {(3,-5,-8),(-2,3,5)} e. 2 f. T is not onto. g. not full-rank. h. 2+ 3 = 5.
a. {(-4,-9,1,0,0),¢(5,3,0,1,0)} b. 2 c. T is not one-to-one.
d. {(3,-5,-8),(-2,3,5),(8,-13,-20)} e. 3f. T is onto. g. full-rank. h. 3+ 2 = 5.
8. a. {(-2,-3,1,1,0),(1,-2,5,0,1)} b. 2 c. T is not one-to-one.
d. {(3,-5,-8),(-2,3,5),{(-2,9,4)} e. 3f. T is onto. g. full-rank. h. 3+ 2 = 5.
a. {(-4,-9,1,0,0),(-3,8,0,-5,1)} b. 2 c. T is not one-to-one.
d. {(3,-5,-8,6),(-2,3,5,-3),(-2,9,10,-8)}
e. 3f. Tis not onto. g. not full-rank. h. 3+2 = 5.
10. a. {(3,1,0,0,0),(7,0,-5,1,0)} b. 2 c. T is not one-to-one.
d. {(3,-5,-2,2),(6,-7,-3,5),{(-2,9,7,-8)}
e. 3 f. Tis not onto. g. not full-rank. h. 3 + 2 = 5.
11. a. {(-2,1,-3,-5,1)} b. 1 c. T is not one-to-one.
d. {(3,-5,-2,2),(6,-7,-3,5),(-2,3,4,7),(-1,-4,3,-2)}
e.4f. Tisonto. g. full-rank. h. 4 +1 =5,
12. a. {(-5,2,1,0,0)} b. 1 c. T is not one-to-one.

\‘

©
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13.

14.

15.

16.

17.

18.

19.

20.

22.
31.

32.

d. {(3,-5,-2,2),(6,-7,-3,5),(-2,3,4,7),(-1,-4,3,-2)}

e. 4 f. Tisonto. g. full-rank. h. 4 +1 = 5.

a. {(-72,25,45,0),(-36,35,0,45)} b. 2 c. T is not one-to-one.

d. {(15,30,-10,-5,-15),(72,63,27,-54,0)}

e. 2 f. T is not onto. g. not full-rank. h. 2 + 2 = 4.

a. there is no basis for the kernel of T b. 0 c. T is one-to-one.

d. {(1,3,-1,-5,5),(2,6,7,-4,0),(-6,3,-3,2,-4),(-4,-5,-2,3,1)}

e. 4 f. Tis notonto. g. full-rank. h. 4 + 0 = 4.

.{(-4,3,-2,1)} b. 1 c. T is not one-to-one.
{(5,2,-6,-2,1),(7,-1,-3,3,0),(2,3,-5,1,-1)}

3f. Tisnotonto. g. not full-rank. h. 3+ 1 = 4.

{(3,1,0,0),(-4,0,2,1)} b. 2 c. T is not one-to-one.

{(2,3,2,5),(3,1,5,4)} e. 2 f. T is not onto. g. not full-rank. h. 2 + 2 = 4.

{(5,-3,-8,1)} b. 1 c. T is not one-to-one.

{(4,5,-6,5),(2,9,-7,6),(1,-2,-1,3)}

3 f. Tis not onto. g. not full-rank. h. 3+ 1 = 4.

{(5,1,0,0,0),(-9,0,7,1,0)} b. 2 c. T is not one-to-one.

{(-3,2,5,0,-4),(-5,-1,2,-3,-7),(12,-4,0,-25,37)}
T

f. T is not onto. g. not full-rank. h. 3+ 2 = 5.

3
{(7,-5,1,0,0)} b. 1 c. T is not one-to-one.
{(-3,2,4,0,-3),(-5,-1,6,-1,-4),(2,-4,-5,-5,3),(-5,-1,2,-3,-7)}
is not onto. g. not full-rank. h. 4 + 1 = 5.
(-7,2,-3,1,0),(5,-3,2,0,1)} b. 2 c. T is not one-to-one.
(-3,2,4,0,-3),(-5,-1,2,-3,-7),{2,—4,-5,-5,3)}

3 f. T is not onto. g. not full-rank. h. 3+ 2 = 5.
a Tl b LcLdie {0} f R

The three image vectors are linearly dependent:
8(2 -3,4,-1, 7>—§< 3,2,-1,4,2) = (5,-6,7,~4,10), S0

(1 -2,1) - —(O -1,3)-(0,-2,5) = <— —%,—%> IS a non-zero vector in ker(T).
a True. b. False c. True. d. False. e. False. f. True. g. True. h. True. i. False. j. True. k.
False. |. False. m. True. n. True.

4f.
{
)

a
d.
e.
a.
d.
a.
d.
e.
a.
d.
e.
a.
d.
e.
a.
d.
e.

-3,
Ti
7,
-3,
T

2.6 Exercises

32
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w
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[
w
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3 4 11 5
5 5 . . 19 57
7. 11 8. not invertible. 9. 14 4
2 2 19 57
_27 11 105 _ 24
124 124 179 179
10. 1 2 11. 10 100
31 31 179 179
12. L -6 /30 13. CO_SO sin® which is the matrix of the clockwise
24\ 2 /15 2/3 —sind coséd

rotation by 6.

B cos® sind e e 104X
14, _ 15. 1 16. —L
sind —cosh S| e gx 260 15% —6X

_ ol 2 _h2
17. cosh(x)  —sinh(x) ] 18. not invertible. 19. [ a“-b 2ab ]

—sinh(x)  cosh(x) 2ab b?-a?

20. The projection operator (Exercise 18) is not invertible because the kernel consists of more
than just the zero vector. The reflection operator (Exercise 19) is invertible because the
kernel is only the zero vector. Furthermore, notice that the inverse is itself, for the reason
that the reflection of the reflection of a vector is the original vector.

21. [T] _[ 3 ]; [T o ]; TLX,Y)) = ( —9x — 7y, — 4x — 3y)

-4 9 -4 -3
[ 35 3 3
. . . B -l 2 2 .
22. Tisnotinvertible. 23. [T] = 5 o ] [T] = 5 3 ;
— 2 2
T2, y)) = (9x/2 — 5y/2, —5x/2 + 3yl2).
2 3 3 15
_ 3 3 |1t _ 22 22 :
3 3 11 11

T-1((x,y)) = (3x/22 + 15y/22, 6x/11 — 3y/11).

6 -21 31 =27 31 124
26. a. ; No. e. ; Yes. f. ; No. g.
10 -35 -59 69 -93 -372
No.
b. You will never get an invertible matrix. 27. b. not invertible. It is not one-to-one.
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2.7 Exercises

Note: answers vary for (b) and (c) in Exercises 1 to 12, so only answers to (a) are provided.

_3 4
2 _1 Z 3 5 5 !
3 11 11
1. 1 o4 2. 0 2 3. 1 -1 -1
3 11 11 9 _12 9
5 5
101 1
3 2 6
4. notinvertible. 5. 0 —% 1
1
o o
B 5 _2 _ .4
2 0 0 3 31 31
3 3 1 19 i
6' 4 2 O 7 62 62 62
13 1 _1 8 3 6
L 12 6 3 31 31 31
[ s 2 u 3 1 4
27 27 27 7 7 7
7 5 13
4 1 1 9 _3 2
9 T 9 79 7 7 7
B 3 25 |
121 B
o + 2 1
10. 2 2 11. not invertible.
001 2
1
000 &
[ 42 1 _138 s ]
7 14 14 7 55
1 4 _6 _5 31
7 7 7 7 73
12. 5 s s 1 14. &
7 7 7 7 26
_2 _9 3 3 31
L 7 14 14 7 ]
[ 2 4 _2
9 7 7
15| -3 | 16| -4 -18
2 16 _ 2
3 7 7
34
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[ 253 ] [ 62 179 ]

6 7 14

3 6 60
6 7 7

17. 18.

1 102 132
3 7 7

1 24 a1z
3 7 14

19. a. Multiply row 2 of A by 5. b. Multiply row 3 of A by —2/5. c¢. Add 3 times row A to

row 2 of A. d. Add7
times row 2 of A to row 3 of A. e. Exchange rows 1 and 3 of A. f. Subtract 4 times row

3 of A from row 1 of A.
20. a. Subtract 3 times row 4 of A from row 2 of A. b. Exchange rows 2 and 4 of A. c.

Multiply row 3 of A by 3/2.
d. Multiply row 4 of Aby 9. e. Add 5 times row 2 of A to row 4 of A. f. Exchange rows

1and 4 of A.
27. a. Subtract 3 times column 2 of A from column 4 of A. b. Exchange columns 2 and 4 of

A.
c. Multiply column 3 of A by 3/2. d. Multiply column 4 of A by 9.

e. Add 5 times column 1 of A to column 3 of A. f. Exchange columns 1 and 4 of A.

2.8 Exercises

-1 _ . -1 _
1. a. A , 3 - B L1 b. 2 17
2 3 3 2
51 —27 ir 3
- 3 2
C'[64 —34}" 32 _17
3 2

7. A1 =BXtand B! = X*A. 9. B! is obtained from A~ by exchanging columns 1 and

3 of AL, followed by
exchanging columns 2 and 5.

5 21 0 O — -
3 =7 0 O
-4 0 7 0 O > 4 0 0
10. a. B = 3 980 0 |;C=
0 0 3 -7
0 0 0 3 -7
0 0 -2 4
0O 0 0 -2 4 — —

b. The entries don’t match because the matrices are in opposite locations.
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C. A DA = 3 -9 8 0 ;
0 0 0 -4
0 0 0 7 -3
[ 3 70 0 0 0 0 |
24 0 0 0 0 0
0 0 521100
@A) @A | T
= MO A28 A) 0 0 3 -9-80 0
0 0 0 0 0 -4 5
0 0 00 0 7 -3
8 2100 0 |
4 6 70 0 0
d. 25 9000 ; 6x6 e. OnlyB, WithblocksBl—[ 3 _7]
0 0 050 0 2 4
0 000 9
0 0 0 -2 -5

7 12
11. a. A=
[ -3 -5
Al _ X -b
both have only integer entries.

5 8 . 5 -8 3 -7 .
C. , With inverse d. , With inverse
35 -3 5 -7 16
-16 -7
-7 3 |

Other answers are possible by switching entries.
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2.9 Exercises

1. a. lower triangular. b. all of the above. c. symmetric. d. all of the above. e. all of the

above.
2 345
3456 -12 =21 9 -6 O
2. a b. Symmetric 3. a. 18 -4 2 8 12 b.
4 56 7
-35 -21 -14 63 7
56 7 8
-27 -10 -14
-3 8 21
24 27 —43 T(€1) = 364, 1/3 5/6 13/42
9.a| 0 -6 8 12. a. T(€;) = -561 +2€,, and  C. 0 1/2 1/14
0 0 28 T(€3) = 481 +62 - 783. 0 0 -1/7
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Chapter Three Exercises

3.1 Exercises

5
6.
p
8.

9.

10.
11.
12.
13.
14.
15.
16.
17.
18.

19.

. There are no negatives for the vectors, even though there is a zero vector.

Not closed under scalar multiplication.

. Not closed under addition: for example, identity plus its negative yields zero matrix,

which is not invertible.
-3 ®(5,-2) = (-15,-2). All Axioms are valid except for Axiom 7, so this is not a vector
space.
-3 ® (5,-2) = (15,-6). All Axioms are valid except for Axioms 9 and 10, so this is not a
vector space.

(7,-3) ®(2,6) = (7,4). All Axioms are valid except for Axioms 7 and 8, so this is not a
vector space.

(7,-3) @ (2,6) = (9,-9). Invalid axioms: 3, 4, 5, 6, 7 and 8; not a vector space.

(7,-3) @ (2, 6) = (-9,-3). Invalid axioms: 4, 5, 6 and 7; not a vector space.

(7,-3) ® (2, 6) = (13,-1). Invalid axioms: 3, 4, 5, 6, and 7; not a vector space.
(7,-3)®(2,6) =(9,6)and -3 ® (5,-2) = (-15, 12). Invalid axioms: 4, 5, 6, 7, 9 and
10; not a vector space.

(7,-3)® (2,6) =(9,6)and -3 ® (5,-2) = (=30, 6). Invalid axioms: 4, 5, 6, 7, 9 and
10; not a vector space.

(7,-3)®(2,6) = (3,9)and -3 ® (5,-2) = (6,—15). Invalid axioms: 4, 5, 6, 7, 9 and
10; not a vector space.

(7,-3)® (2,6) = (-9,-3)and -3 ® (5,-2) = (-15,-6). Invalid axioms: 4, 5, 6, 7,9
and 10; not a vector space.

(7,-3)®(2,6) =(9,0)and -3 ® (5,-2) = (-15, 0). Invalid axioms: 5, 6, and 10; not a
vector space.

(7,-3)® (2,6) = (7,6)and -3 ® (5,-2) = (-13, 3). Invalid axioms: 8, 9, and 10; not a
vector space. .

However, there is a zero vector and negatives: Oy = (2,-3) and

—(X1, Y1) = (4 —X1,—6 = y1).

20. This is a vector space!

3.2 Exercises

1.
2.

3.

Yes, a member. =7 + 19x — 47x? = 3(6 + 3x — 4x?) — 5(5 — 2x + 7x?)
Yes, a member. 105 — 28x + 39x2 + 9x3 = 7(2 — 4x + 5x3) + 13(7 + 3x? — 2x3)

Yes, amember. w B % - % - )1(—9 4. Notamember. 5. Yes, amember.
4x + 25 11 _ 7

X+ 1)(x - 2)1_ X—2 1x - 6. Notamember. 7.
X

-1  20-1) = 2(x+1)

10. dependent 11. independent 12. dependent 13. independent 14. dependent 15.

dependent 16. dependent

17. dependent 18. independent 19. independent 20. independent 21. independent 22.

38

dependent 23. dependent
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24,

31.

dependent 25. independent 26. dependent 27. independent 28. dependent 29.
dependent 30. dependent
dependent 32. dependent 33. dependent 34. independent. 39. d. independent

3.3 Exercises

4.

a. E(X) = {x®|n e N} 5 O(K) = {x*™'|neN} 6. a Sz{ 1 |neN} 7. a.

Xn+1
(0,0)
d. f(x) = 1¥ = 1is a legitimate (constant) function, and we do not care if the functions in
S are one-to-one or not.

1
a.Sz{xﬁmeN}

9. independent 10. dependent (the logarithm requires a positive base b = 1). 11.

12.

13.

14.

27.

28.

independent
dependent; S < P", so once you have n + 1 of these functions, they are definitely
dependent; on the other hand, the set S in Exercise 11 is not contained in a single P"
because there is a polynomial of any degree n in that S.
independent; take a limit at a vertical asymptote to show that the coefficient for that term
must be 0.
independent 15. independent 16. independent 17. independent 18. independent 19.
dependent (check out first six vectors) 20. independent
a. 1/6, -1/6, 7/6, 716, 11/6, -11/6, 13/6, 1/7, -1/7, 2/7,-2/7, 3/7,-3/7, 417, 1/8, -1/8,
3/8, -3/8, 5/8, -5/8, 7/8
b. 1/4, -1/3, 3/2, 2, -2, -3/2, 2/3, -1/4, 1/5, 1/6, -1/5, 3/4, -2/3, 5/2, 3, -3, -5/2,
4/3, =3/4, 2/5, -1/6, -1/7,

1/8, -1/7,5/6. c. k=1i+j-1.
a. fx)=(b-ax+a f.f(x)=x—-a h.fx)=—x+b k. f(x)=-x+1 L
f(x) = —(x—/a)+b =-X+a+b

0 ifx=0
a3 1
x+2 ifx e > }
— i i ll 0757
x+4 ifx e 4,2}
m.f(X)=< _X_l’_% ifXG %’%} n. 05T

/

—X+ 3 If X € ( 2r:1|-+l 1%} ) 0 }uzs }us 1075 }1

L : :
Note: the top of each line segment should be an open hole, and the bottom should be a
solid dot, and the graph keeps following the pattern as we get closer to the origin, where
f(0) = 0.
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3.4 Exercises

arwmn

15.

16.
17.
18.
19.
24,

38.

41,

42,

40

Yes, because every diagonal matrix is also symmetric.

A possible basis is {(1,1,...,1)}. The subspace is 1-dimensional.

Yes, it is a 1-dimensional subspace, with possible basis {(1,2,...,n)}

No. It is not closed under either addition or scalar multiplication, although it does contain
the zero vector.

A possible basis for this 2-dimensional subspace is {1, —24x — 9x? + 5x3}.

A possible basis for this 2-dimensional subspace is {5 — 7x + 8x?,19 — 17x + 2x3}.

A possible basis for this 2-dimensional subspace is {1 + 2x,—4 + x?}.

A possible basis for this 2-dimensional subspace is {1 + 2x,—1 + x?}.

. A possible basis for this 3-dimensional subspace is {-2 + x,13 — 3x?,—-10 + x3}.

. It does not contain the zero vector.

. A possible basis for this 1-dimensional subspace is {22 — 10x + x? + x3}.

. A possible basis for this 1-dimensional subspace is {2e?* — 3e3 + e},

. A possible basis for this 2-dimensional subspace is {-2e + 3, —4e?* + e>*}. W, is a

subspace of W.

A possible basis for this 2-dimensional subspace is:

{(¥2Z - 1) sin(x) + cos(x),— 42 sin(x) + tan(x) }

c. It doesn’t contain the zero function z(x).

Another hint: think of the factors of such a member of W. The subspace is 1-dimensional.
The sum of p(x) = x+ 2 and gq(x) = x — 3, which are both in W, is r(x) = 2x — 1, which
is not in W. Can you come up with a counterexample where both p and g are quadratics?
Yes. 20. Yes. 21. Yes. 22. Yes. 23. No. The set is dependent, even though S is a
subset of W.

Yes. 25. No. This polynomial isnotin W. 26. Yes. 27. Yes. 32. 2-dim 36.
dim(Diag(n)) = n.

dim(Upper(n)) = n(n+1)/2. 39. The transpose of the basis vectors you found in
Exercise 38 will form a basis for Lower(n), so the two spaces have exactly the same
dimension.

The basis should have two kinds of matrices: those which are all 0 except for a single 1
on the main diagonal (thus there are n of these), and those which are all 0 except for a
single 1 in row i, column j, as well as in row j, column i, where i = j. There are
1+2+---4+(n-1)ofthese. Thusthereare1+2+---+(n—1)+n=n(n+1)/2
members of this basis, which is dim(Sym(n)).

b. Possible answer: {[ 10 ][ 01 ]} dim(Bisym(2)) = 2
01 10
100 010 001 00O

d. Possible answer: coo0o (,y 201 (| OO0CO0 |10 010 :
001 010 100 00O

dim(Bisym(3)) = 4.
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— = abocde
abocd
b fghd
b e fc . .
e. ; dim(Bisym(4)) =6 f. cgigec |
c feb
d hgfob
d cb a
- — e dcb a

dim(Bisym(5)) = 9
Use one matrix for every distinct letter.

) 1 5 . . .
43. d. Possible answer: {|2,|: - ]} it is 2-dimensional.

45. e. Use the Ordinary Comparison Test.
f. D does not contain the zero vector (zero series), which is absolutely convergent.
g. Itis not closed under vector addition.

3.5 Exercises

a. 2l b. /3 c. 1 2 a (0,3/51/2) b. (1,7/25,1/2) c. {0,3/4,1/J3)

a. (—66,6) b. {(x+3)(x—1)}or {x2+2x—-3}. 4. a. (-996,156,-84) b.

{X+3)(X=3)(x+2)}

5. a (117,13,18) b. {z(x)} 6. a. (6,28,—-26) 7. a. (-33,-2,-10,16/3) 8. a.
12x + 10

9. a 3x*+2x3-7x? 10. a. x3+x2—-7x 11. a. -5e*-6e* d. {z(x)} e.

range(D) = W.

w e

12. a. 7e*sin(x) +e*cos(x) d. {z(x)} e. range(D) = W.
13. a. 3e*sin(2x) + 37e"*cos(2x) d. {z(x)} e. range(D) = W.
14. a. 33e> —10xe> d. {z(x)} e. range(D) = W.
15. a. 20x2e™ — 18xe ™ + 30e™* d. {z(x)} e. range(D) = W.
16. a. —4In5x? « 5% + (9(In5) — 8)x « 5* + (9 — 2(In5))5* d. {z(x)} e. range(D) = W.
17. a. 6x>—16x+3 d. {1} e. {1,x,x?}.
18. a. —18xsin(2x) + 8xcos(2x) — 12sin(2x) — cos(2x) d. {z(x)} e. range(D) = W.
19. a. 27sin(x) —cos(x) 20. a. 120e*sin(3x) + 102e* cos(3x)
21. a. (aci —bcy)e*sinbx + (ac, + bcy)e® cosbx
22. a. —4cie7¥ + 3ce¥ +5c3e™ d. 9lcie™ + 64cze™ e. {e¥} f. {e*,e>} 26. a.
4 0
-3 1
5 -7

3.6 Exercises

1. a. (-13/2,19/2,8) c. (-1/2,1/2,1).
2. b. (3/2,27/2,83,-545/3)
3. a. (-1/J2,1/42') b. (4/5,3/5) c. (-12/13,5/13) d. (20/29,21/29)
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10.

12.

14,

15.

16.

17.

19.

42

O

b.

—1_39] 1 -5 25 -125
c. 826) 5.a | 1 3 9 27 c. (-1285,179,-91)
|1 1 1 -2 4 -8
[ 1 5 25 11 1
1 3 9 |c(9,27,22) 7.a.| 0 1 -4 | c. (6-3359)
1 -2 4 21 8
(1 2 4 ]
0 1 21, (42,9,14,23/6) 9. a. [ 0020 ] c. 42x— 16
0 0 2 0006
1 12 1/3
0 0 o0 | )
1 00 c. Ix2-2x244x 11. a [ 10 b. —5e~* — 6e*
012 0 3 2 0 2
0 0 13 -
- b. 7e*sin(x) + e*cos(x) 13. a. [ 2
1 2 -3

3e3*sin(2x) + 37e *cos(2x)

> 0 b. —10xe> + 33e>
15
[ 4 0 o0
2 -4 0 b. 20x%e~* — 18xe™ + 30e~*
0O 1 -4
InG) 0 O

2 InGB) O b. —4In(5)X2 + 5%+ (9In(5) — 8)X - 5* + (=2In(5) + 9)5¥
0 1 In®)

0100 | 020 0 |
0020
b. 6x2-16x+3 18. 200

0 00 3 1 0 0 -2
0000 01 2 0
—18xsin(2x) + 8xcos(2x) — 12sin(2x) — cos(2x)

0 —-m

0 20. b. [D]g = Diag(ky,kz,...,kn) c. adiagonal matrix
m
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21.

23.

24,

25.

26.

27.

28.

29.

31.

b k 00
a —
[ ] 22. 2 k0 C. kx"ekx 4 nxn-lgk
b a
01k
L3 o7s 13 5i 9
a. 31 . 27sin(x) —cos(x) c. =-sin(x) — < cos(X)
i -3 -15 .
a. c. —96e*sin(3x) — 66e* cos(3x)
15 -3
2 -1 4 2
a. 45x2+6x-20d.| 0 0 4 6
0O 00 9
-5 3 0
2 -5 6
a. —11x3 — 36x2 + 60x — 41 d.
0 3 -5
-1 2 0

a. (95,—15,—6). b.365x —211. c. T(1) = 4x -2, T(X) = 21x— 7, and
T(x2) = 66X — 36.

2 7 -36
d. [Tlgy = [ ]

4 21 66

a. (-11,3) b. —46x%+63x+126 c. T(1) =52 —6x—9; T(X) = —7x% + 11x + 27 d.
-9 27
—6 11

5

-7

a. (69/2,-14,-3). b. 3L _167x+ 2x2 c. T(1) = L - 3x+ 1x2,
9/2 25/2 8312
~10 -46

T(x) = 2 —10x + $x2, and T(x?) = 8& —46x + iLx2. d.

-3
1/2
-21

56

24

-3

113 -21 24 52
a1 : 1| _
[projr] = 127 21 73 56 |; [reflq] 6l 21 12 56
24 56 58 24
9 21 -24
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58 15 -35
32. [projn]gg{ 15 74 21
35 21 34
25 ~15 35
[proj.] = 813{ 15 9 -21
35 —21 49
26 2 -10
33, [projn]glo{ 229 5
10 5 5
4 -2 10 |
[proj.] = 31{ 2 15
10 -5 25

; [refln] =

1

83

33 30 -70
30 65 42
~70 42 -15
11 2 -10
2 14 5
~10 5 -10

34. a. choose (2,0,3)and (0,1,0) (rE)te that the 2nd vector satisfies the equation);

4 06
f. [projn] = {5 0 13 0
6 09
90 -6
i. [projL] = 4| 00 0
60 4
—-c 0 a
35.dC=| 010
ao0c
W3 = 4W1 — 3W»
38. S/ =

39. 8§/ =

h. [reflg] =

is one possible answer.

1

13

-5 0 12
0 13 0
12 0 5

37. S/ = {Wy, W2, Ws};

— — — — — — — — — —
{W1, W2, Wa}; W3 = —4W1 + 3W2; W5 = 2W1 — SW3 + 7TW4

— — — . o — - . > — -5 . > — — —
{Wl, Wy, W5}, W3 = 4wy + 9W2, Wy = 5wy + 8W2, Wg = —3W1 + 4w, — TWsg

40. S' = {W1, W2, Wa}; W3 = 4W1 —3W2; Ws = 6W1 — 3W2 — 4Wy

0 -alc

42. c. [Sg =
Siles 71y e

44

]d

0 -3/5
1 2/5

Selected Answers to the Exercises



3.7 Exercises

1. a No. b. Yes, because dim(P?) < dim(R*).

100
010
C.
001
000
d. ker(T) = {z(x)}, so it has no basis, and nullity(T) = 0.
e. range(T) has basis {(1,0,0,1),{(-2,1,0,1/2),(4,2,2,1/3)}, and rank(T) = 3
f. T is one-to-one but not onto. g. 3+ 0 = 3 = dim(P?)
h. p(x) = 4 — 7x + 5x? is the only such polynomial.
2. a. Yes, because dim(P?) > dim(P!). b. No.

c 0010
| 0001
d. ker(T) has basis {1,x} and nullity(T) = 2.
e. range(T) has basis {x2,x3} and rank(T) = 2.

f. T is neither one-to-one nor onto. g.2+2 = 4 = dim(P?)
3. a. No. b. Yes, because dim(P?) < dim(P?).

100
010
001
000

d. ker(T) = {z(x)}, so it has no basis and nullity(T) = 0.
e. range(T) has basis {x,x?,x3} (we can clear the fractions) and rank(T) = 3.
f. T is one-to-one but not onto. g. 0 + 3 = 3 = dim(P?).

4. a.Yes, because dim(P?) > dim(P?). b. No.

_1
> 00
¢1 0 0 10
0 0 01

d. ker(T) has basis {1 + 2x} and nullity(T) = 1.
e. range(T) has basis {2,4 + 4x,-2 + 6x + 9x2} or {1,x,x?}; either basis is acceptable
because rank(T) = 3.
f. T is not one-to-one but Tisonto. g. 3+ 1 = 4 = dim(P?)
5. a.No. b. Yes, because dim(P?) < dim(P?).

100
010
001
00O
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10.

46

d. ker(T) = {z(x)}, so it has no basis and nullity(T) = 0.

e. range(T) has basis {5 + 2x — x3,3 — 5x + 3x? + 2x3,6x — 5x2} and rank(T) = 3.
f. T is one-to-one but not onto. g. 3 + 0 = dim(P?).

b. No. c. Yes, because dim(P?) < dim(P?).

0 -5 -8 010

0 0 -6 001
d. e.

0 1 0 00O

0 0 4 00O
f. ker(T) has basis {1} and nullity(T) = 1.
g. range(T) has basis {-5 + x?,—8 — 6x + 4x3} and rank(T) = 2.
h. T is neither one-to-one nor onto. i.2+1 = 3 = dim(P?).
b. Yes, because dim(P?) > dim(P?). c. No.

6 -3 6 -21 1 -1/2 1 -7/2
d|{ -10 5 -10 35 e. 0O 0 0 O
2 -1 2 7 0O 0 0 O
f. ker(T) has basis {1 +2x,-1 + x2,7 + 2x3} and nullity(T) = 3.
g. range(T) has basis {6 — 10x + 2x?} and rank(T) = 1.
h. T is neither one-to-one nor onto. i. 1+ 3 = 4 = dim(P?).
a. Yes, because dim(P?) > dim(P!). b. No.
2
. 10 7
' _21
01 7

d. ker(T) has basis {147 — 6x — 7x?} and nullity(T) = 1

. range(T) has basis {x + 3, 2x — 1} or {1,x}; either basis is acceptable because
rank(T) = 2.

f. T is not one-to-one but itisonto. g. 2+ 1 = 3 = dim(P?).

a. No. b. Yes, because dim(P!) < dim(P?).
10

c.| 01
00

d. ker(T) = {z(x)}, so it has no basis and nullity(T) = 0.

e. range(T) = Span({5x? — 6x — 9,3x? — x + 9}) and rank(T) = 2.
f. T is one-to-one but not onto. g. 2+ 0 = 2 = dim(P?!).

a. Yes, because dim(P?) > dim(P!). b. No.

@D

1 3

1 -+ 2

C. 2 2
0 0 O

d. ker(T) has basis {2x +5,-2x? + 2x — 3} and nullity(T) = 2
e. range(T) has basis {3x — 7} and rank(T) = 1.
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=h

T is neither one-to-one nor onto. g. 1+2 = 3.
11. a. No. b. Yes, because dim(P!) < dim(P?).

1 5/7
C. 0 O
0 O
d. ker(T) = {-7x+ 2}, and nullity(T) = 1.
e. range(T) has basis {2x? + x + 8} and rank(T) = 1.
f. T is neither one-to-one noronto. g. 1 +1 = 2 = dim(P?).
12. a. No. b. No.
1 0 -2
11
c.| 01 #
00 O
d. ker(T) has basis {27 — 14x + 11x?}, and nullity(T) = 1.
e. range(T) has basis {4 — x + 5x?,3 + 2x + 12x?}, and rank(T) = 2.
h. p(x) = 3—2x+ <2(27 — 14x + 11x?) (% can be replaced by c)
4 -5 0
0 7 _10 0 3 -10 0
13. b. [Ti]gg = 0 1 10 ,and [Tzlgg=| 0 0 6 -30
00 0 9
0 O 2
¢. The codomain of the first is the same as the domain of the second, in either order.
0 12 -70 150
0 11 130 0 0 42 -300
d.[TooTilgg=| 0 6 O and [T1oT = -
[T2oT1]gg [T1oT2]prp 00 6 6
0 0 18
0 0 O 18
300
1 -3 9 -27
2 30
14. b. [Tilge = and [T2]ggn=| 0 1 4 12 |.
’ 0 2 3 ’
0 02 -6
0 0 2
-3 9 -27
C.[TooTi]ggn = 2 11 36
0 4 -6

d. No, because the codomain of T, which is R3, is not the domain of Ty, which is P2.
The two spaces R23 and P? are both 3-dimensional, but the composition Ty o T is still
undefined. e. Yes, the matrix product [T1]g g/ « [T2]g g is a well-defined 4 x 4 matrix.
However, it is completely meaningless in this case.

15. a. No. b. Yes; domain P2 and codomain P*. c. 10x® — 2x? + 16x + 11
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16.

17.

18.

19.

20.

21.

22.

48

19 25 33

2 =12 62

a. Yes; domain P2 and codomain P2. b. Yes: domain P! and codomain P1.
C. 35x2 —127x—11 d. 41x+7

d. 36x — 167 e.

Ty ~13 9 -16
€. [ 3 _3 ] g. 220x — 245 h. 1540x2 —5525x—295 i. | 32 -1 14
49 -7 28
10 -1 0
a. [D?], = and [D3], = : b, f/(x) = e — 122~
[D<]g 0 4 ] [D*]g [ 0 8 ] (x)
f/(x) = —be* — 24e*
0 -2 -2 -2
a. [D?]g = and [D3], = :
|: ]B 2 O [ ]B 2 _2 ]
b. f/(x) = 5e™ —12e%; f/(x) = —2e*sin(x) + 14e* cos(x)
5 12 9 -46
a. [D?], = and [D3], =
|: ]B 12 5 |: ]B 46 9
b. f/(x) = —83e~*sin(2x) — 1056~ cos(2x);
f7(x) = 459e~**sin(2x) + 149e~* cos(2x)
25 0 125 0
a. [D?], = and [D3], =
2% 10 25 Bl 75 125]
b. f/(x) = —-50xe> + 155e%; f/(x) = —250xe™* + 725e
16 0 O -64 0 0
a. [D?];=| -16 16 0 |and[D3],=| 96 -64 0
2 -8 16 24 48 -64
b. f/(x) = —80x%e™* + 112xe~* — 138e~*; f//(x) = 320x%e~* — 608xe ** + 664e~**
(In(5))> 0 0
a. [D?]; = 4In5  (n(5))> 0 and
2 2In5  (In(5))?
(In(5))® 0 0

[D%lg =| 6(n(5))> (In(5))° 0
6In5  3(In(5))? (In(5))3
b.
f/(x) = —4(In(5))*x?5* + (9(In(5))? — 16 In(5) )x5* + (-2(In(5))* + 18In(5) — 8)5;
f7(x) = =4(In(5))*x?5* + (9(In(5))° — 24(In(5))* ) x5*
+ (=2(In(5))® + 27(In(5))* — 24In(5) ) 5*
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23. a. [D2], =

b. £/(x) = —16xsin(2x) — 36xcos(2x) — 165in(2x) — 16COS(2X);

4 0 0 0
0 4 0 0
0 -4 -4 0
4 0 0 -4

f/(x) = 72xsin(2x) — 32xcos(2x) + 16sin(2x) — 68.cos(2x)

0 8 00
-8 0 00
and [D3]; =
-12 0 0 8
0 -12 -8 0
a® —3ab? b3-3a%b
and [D3], =
—b% +3a%b ad - 3ab?
_5 21 _15
16 16 2
g}B, -1 1 d.
1 1 1
16 16 2
[ s s _1 _s ]
25 25 5 5
19 _ 23 17 13
c 175 100 140 10
' 1 _1 1 g
35 10 14
.3 1 1 _1
L 175 100 140 10 ]

“11x+17 b, —12x3+ Lx2+9x-3

4

0
; ] b. 3xe® + 8e™ + C.

] b. 7e=**sin(2x) — 5e~*cos(2x) + C.

b. 4x2e = — Oxe ™ — 3e* + C.

az—-p2 -—2ab
24. a. [D?], =
2ab a2 —Db?
3.8 Exercises
1 -3 9
L b.[Tlgg=| 1 5 25 | c.[T]
0 1 4
pP(X) = 9 — 7x + 5x2.
1 -4 16 -64
1 1 1 1
2. b [T =
Mae 13 9 27
01 -2 3
d. p(x) = =11 + 7x — 5x? + 2x5.
3. a 5%x2—9x+14 b. -3x2+4x+7
4. a. X2 —-5x+17 b. —-8x%2—19x + 23
5 a —-4x2+9x—-3 b. 15x2-8x-11
6. a. 5x3+8x2—-3x+11 b. -13x2+7x+11
7. a —4x3+12x2+19x—7 b. 17x3 —5x2+12x+ 8
8. a. -9x3+13x2—-5x+11 b. 4x3—-15x+8
9. a 9W3+7x2—-11 b. 11x3-18x+9
10. a. 2x3—ox2
3
a1 -3 2
11 a DT = 55| s
-1 L 5
128 [0l = 55|
[ 8 0 o0
namyzé 4 -8 0
-1 -2 -8

Selected Answers to the Exercises

]

49



14.

15.

16.

17.
18.

19.

20.

21,

22.

23.

50

% 0 0
_ 2 1
a. I:D:IBl = (|n5)2 In5 O
2 1 1
B (In5)3 (In5)2  In5 i
7 w2 JEX _ 14 4 )y .EX 14 4 9 \&x
b. e X _( )2 + InS)x_5 +((m5)3 + )2 + g )5 + C.
0 2 0O
-2 0 0 O
a. [D]t =4
R
0 1-220
b. 3xsin(2x) — 7xcos(2x) — 5sin(2x) + 6¢os(2x) + C
k m
a. [D]t= L1 _
[ ]B k2 + m? -m k
b. kZJl:mZ ek sin(mx) — ||(<2 Tmz ek cos(mx) + C and
m -
Ty 2 ek sin(mx) + 2 ek cos(mx) + C.

f(x) = —2x2e~3 + 8xe~* + 3
a. W = P? (use the standard basis) b. T = 3I3+ 5D —2D?

o

o

o}

134

)

13

jab)
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35 -4 9 -15 62
Me=| 0310 |d[T'=5 0 9 30 |e +@-
00 3 0 O 9
W = P?* (use the standard basis) b. T = 314 + 5D — 2D? _
35 -4 0 9 -15 62 -370
0 3 10 -12 0 9 -30 186
T]g = d. [T5t = &
s 00 3 15 We=37] 5 o o s
00 0 3 0 O 0 9
— 3511 + 1752x — 747x? + 162x3
. W = Span(B), B = {sin(x),cos(x)} b. T = —7ly + 8D + 3D?
-10 -8 -5 4
Tl = MR = L e. —12sin(x) + 7 cos(x
[Tlg 8 _10 [Tls = 55 4 5 ] (x) (x)
. W = Span(B), B = {sin(x),cos(x)} b. T = 8ly +3D - 4D? - 2D3
12 -5 12 5
T, = d. [T = =1 e. 5sin(x) + 7cos(x
[Tg _— [Tls" = 159 £ 1 ] (x) (x)
. W = Span(B), B = {sin(2x),cos(2x)} b. T = -7ly + 8D + 3D?
-19 -16 -19 16
T], = d. [T] = =L e. —5sin(2x) — 14cos(2x
[Tlg 16 -19 [Tls" = 5717 16 19 ] (2x) (2x)
. W = Span(B), B = {sin(2x),cos(2x)} b. T = 8ly + 3D —4D? - 2D?3

7X + 5x2)



[ 24 22 L 1| 12 n .
c. [T]g = d [Tlg = 30 e. 3sin(2x) — 8cos(2x)

22 24 =11 12
24. a. W = Span(B), B = {e"*sin(2x),e"**cos(2x)} b. T = 4lw + 5D — 9D?
-56 -118 -28 59
c. [T]y = R —— e.
s 118 -56 o' = 8530 | 59 2 ]

17e-3sin(2x) + 11~ cos(2x)
25. a. W = Span(B), B = {&e"*sin(2x),e*cos(2x)} b. T = —6lw + 2D + 7D? + 3D?

50 —58 . L 25 29
¢ [T = 58 50 d-[Te" = 293 —29 25 ] °

5e~3¢sin(2x) + 2e**cos(2x)
26. a. W = Span(B), B = {xe*,e>} b. T = 4ly — 9D + 2D?

9 0 9 0
c. [T]g = d. [T] = L e. 4xe™ — 7e%
27. a. W = Span(B), B = {xe>,e>} b. T = 2ly — 7D - 3D? + 4D?

64 0 64 0
c. [Tlg = 27 &4 d. [T]El = ﬁ[ :| e. —9xe® 4 13e>

77 64

28. a. W = Span(B), B = {x%%, xe*, e} b. T = 8ly + 11D + 3D?
12 0 o0 72 0 0
¢ [Tg=| 26 12 0 |d [Tlg'=5e7| 156 72 0
6 -13 12 133 78 72

e. 3x2e~% + Txe~* + 5o~
29. a. W = Span(B), B = {x?e™*, xe™*,e™*} b. T = 11lw — 8D +4D? + 3D?

-85 0 0 7225 0 0
c. [Tlo=| 208 -85 0 | d [T)5' = o7fpe| 17680 7225 O
-64 104 -85 16192 8840 7225

e. 2x2e~% + Oxe~4 + Te X
30. a. W = Span(B), B = {sinh(3x),cosh(3x)} b. T = —8lw + 9D + 4D?

c. [T]g = Zj Z; d. [T]3 = % _2287 _2287 ] e. —4sinh(3x) + 5cosh(3x).
31. a. W= szin(B), B = {xsin(2x), xcos(2x), sin(2x), cos(2x)} b. T = 6lw + 4D + 3D?
6 -8 0 O ~75 100 0 O
| 8 -6 0 0 D ~100 -75 0 O
o=l 4y 10 6 8 |“Me =50 158 6 _75 100
12 4 8 -6 -6 158 -100 -75
e. —7xsin(2x) + 5xcos(2X) + 4sin(2x) — 6¢os(2x) N

32. d'. False.
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33.
34.

35.
36.

37.
38.
39.

40.

41.

52

-8 + 3x — 4x% + x3/2
~3+19x — %xz
13 — 11x + 8x2
9+5x—%x2+2x3
3 +4x - 7x3
9 — 3x — 8x? + 5x3 — 7x*
a. It is a diagonal matrix where none of the diagonal entries is 0. b. (-147,559/2,-632)
¢. [T*]y, = Diag(1/3,2,-1/5) d. - % + 75—4x + %x?
a. Itis atriangular matrix where none of the diagonal entries is 0. b.
(—26,109/3,-175/3)
21 15 37
2 2 2
C. [T_l]B/B = 0 3 6 d. 79 + 44x + 2x2
0 0 -1
-5 5 5
a a5| 8 4 -4 | b 34-20x+ T
1 3 7
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Chapter Four Exercises

4.1 Exercises

1. a. {(1,-1,-12,6),(11,-16,13,1),(1,1,-16,10)}; dim(V v W) = 3.
b. {(5,-7,-2,4)}; dim(VNW) =1, c.
(5,-7,-2,4) = +(1,-1,-12,6) + 2(11,-16,13,1), and
(5,-7,-2,4) = %(1,1,—16, 10) + %(7,—11,5, 1).d.3=2+2-1.
2. a.{(3,5,-2,4),(1,2,7,-3),(0,2,1,-5),(2,-3,1,6)}; dim(V VW) = 4i.e. VVW = R*,
b. dim(V NW) = 0, so it has no basis. 4 = 2 + 2 -0, verifying d..
3. a. {(-3,-2,7,-4),(-2,13,-12,-2),{-2,3,-5,1),(-3,-5,6,-11)}; dim(VV W) =4 i.e.
VVW = R4
b. {(~26,-17,14,0),(3,-8,0,7)}; dim(V W) = 2
C.(—26,-17,14,0) = 4(-3,-2,7,-4) — 3(-2,13,-12,-2) + 10(-2,3,-5,1), and
(3,-8,0,7) = ~(-3,-2,7,-4) — (-2,13,-12,-2) + (-2,3,-5,1);
(—26,-17,14,0) = 4(-3,-5,6,—11) — 3(-1,16,-8,8) — 17(1,-3,2,—4), and
(3,-8,0,7) = —(-3,-5,6,-11) - (-1,16,-8,8) - (1,-3,2,-4). d. 4 =3+3-2.
4. a.{(-3,4,-1,4,6),(-6,8,5,15,-13),(1,-2,0,-5,3),(1,3,-2,7,2)}; dim(V VW) = 4.
b. {(3,-2,-5,0,4)}; dim(VNW) = 1.
c.(3,-2,-5,0,4) = 0(-3,4,-1,4,6) — (-6,8,5,15,-13) — 3(1,-2,0,-5, 3), and

(3,-2,-5,0,4) = —(1,3,-2,7,2) - (-4,-1,7,-7,-6). d.4 =3+ 2 - 1.
5. a {(-1,7,5-6,6)(-1,-8,2,-4,2),(1,0,3,-4,3),(5,3,-2,7,-4),(—6,9,-2,0,0) };
dim(VVW) =5ie. VVW=R5b. {(-17,31,-3,0,4),(-3,7,-1,2,0)};
dim(VNWw) = 2.
C.
(-17,31,-3,0,4) = 3(-1,7,5,-6,6) — 2(-1,-8,2,-4,2) - 6(1,0,3,-4,3) — 2(5,3,-2,7,-4)
and

(-3,7,-1,2,0) = (~1,7,5,-6,6) — 2(1,0,3,~4, 3);
(-17,31,-3,0,4) = 3(-6,9,-2,0,0) — 2(-5,1,-3,-3,-2) + 3(-3,2,-1,-2,0), and
(-3,7,-1,2,0) = (~6,9,-2,0,0) — (-3,2,-1,-2,0). d. 5=4+3-2.
6. a. {6 —x+2x2+10x3,11 — 3x + 6x% + 2x3,3 + 17x + 5x? + 4x3}; dim(V VW) = 3
b. {~3 +x—2x?+2x3}; dim(VNW) = 1.
C.-3+x—2x2+2x3 = 2(6—x+2x2 +10x3) — 2 (11 - 3x + 6x? + 2x*), and
—3+X—2X2+2x3 = 2(3+ 17X +5x% + 4x3) — 3(3 + 11x + 4x2 + 2x3) d.
3=2+2-1
7. a {2+5x—10x% + 5x3,6 — 7x — 4x? + x3,-8 + 14x — 16x? + 3x3}; dim(V vV W) = 4,
ie. VVW =P3 b {4-x-7x2+3x3}; dim(VNW) = 1.
C.4—x—T7x*+3x3 = 2(2+5x—10x2 +5x%) + = (6 — 7x — 4x? + x3), and
4-x—Tx2+3x3 = T(2+3x—19x2 +13x3) + (7 - Tx + 11x*> — 12x®) d.
4=3+2-1.
8. a. {-3—2Xx+4x? +x4,6 — 3x% + 5x3 — 5x*4, —7 — 7x + 8x? + 2x3 + 8x*,
— 52X+ 7X? +x3 —x*1-6x+3x2 - 2x3 —4x*}; dim(VV W) =5, i.e. VVW = P,
b. {5008 + 9057x — 12636x2,28 — 33x + 52x3,18 + 15x — 52x*}; dim(V N W) = 3.
C. 56 — X — 52x? = 30(=3 — 2X + 4x2 + x*) + 5(6 — 3x2 + 5x3 — 5x*) —
(=7 — 7+ 8x? + 2x3 + 8x%4) — 19(-5 — 2x + 7x? + X3 — x*);

Selected Answers to the Exercises 53



28 — 33X + 52x3 = 2(=3 — 2x + 4x% + x*) + 9(6 — 3x2 + 5x° — 5x*4) +

5(~7 — 7X + 8X? + 2x3 + 8x*) — 3(-5 — 2x + 7x? + x3 — x*), and

18 + 15X — 52x* = 18(—3 — 2X + 4x? + x*) + 3(6 — 3x? + 5x3 — 5x*) —

T(=7 — 7X + 8X% + 2x3 + 8x*) — (=5 — 2x + 7x? + x3 — x*);

56 — X — 52x% = —26(1 — 6X + 3x% — 2x3 — 4x*) + 5(5 — 14X + 7x? + x® — 12x*) —
3(—9X + 3x% + 2x*) — 19(-3 + 6x + 3x3 + 2x*);

28 — 33x + 52x3 = —26(1 — 6X + 3x? — 2x3 — 4x*) + 9(5 — 14x + 7x? + x3 — 12x*) +
5(—9X + 3x? + 2x4) — 3(=3 + 6x + 3x3 + 2x%);

18 + 15X — 52x* = 3(5 — 14X + 7x% + x3 — 12x*) — 7(-9x + 3x? + 2x*) — (=3 + 6x + 3x3 + 2x
d5=4+4-3.

11. 6 <dim(VNW) <8. 13. W must be a subspace of V. 14. W must be a subspace of V.

15. VNW=W,orVVW=1V.

4.2 Exercises
25 14
1. a {(1,0,4),(0,1,-7)} b. {(3,5,4,-1),(2,3,2,-1)} c.[ 17 —28 ]d[ 3% }
—28 50 U
i 33 66
1 L0
2. a. {(1,-3,0),(0,0,1)} b. {(2,-3,-4,5),(~7,-1,9,3)} c.[ OO 2 d. 1(;’ .
3. a {(1,0,0),(0,1,0),(0,0,1)} b. {(2,~3,~4,5),(-6,9,12,-5,,(~7,~1,9,3)} c. I3, with
inverse d. I3. Note, though that this is not the identity transformation.
] 1 1
4. a. {(1,0,-2,-2),(0,1,2,1)} b. {(3,2,-2),(5,3,-1)} c.[ 96 66 d| 3 3 }
- Er

Wl w|=

Sl

6. a {(1,5,0,4),(0,0,1,-3)} b. {(2,3,~4),(5,7,-9)} C.[ 42 -12 ]d

5. a. {(1,0,-2),(0,1,1)} b. {(3,2,-2),(5,3,~1)} c.[ > 2 ]d.

[ﬁ' |
oo wl-

N [l

Bl gl

&~ -

L 1

12 10
7. a {(1,5,0,0),(0,0,1,0),(0,0,0,1)} b. {(2,3,~4),(5,7,-9),(~7,-9,8)}
[ 26 0 0 L 00
¢|] o010 |[d| o0 10
0 01 0 01

8. a. {(1,4,0,-5,2),(0,0,1,6,-3)} b. {(-5,3,2,-4),(-4,-2,3,1)}
46 36 ] 2 2=

' 9 23
i -36 46 S5 110

9. a. {(1,4,0,-5),(0,0,1,6)} b. {(-5,3,2,-4),(-4,-2,3,1)}

C.
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10.

11.

12.

13.

14.

15.

«

a.

«

o®

[ 42 30 | | IR
| 3003 || .
{(1,-2,6,0,-4),(0,0,0,1,5)} b. {(-5,2,-3,4),(-3,-3,2,-5)}
57 20 | =
| 20 26 | | L s
{(1,-3,0,0,2),(0,0,1,0,-4),(0,0,0,1, 7) b. {(=2,3,4,-5),(~3,7,~1,2),(-5,4,-2,3)}
14 -8 14 = 5
-8 17 -28 | d. = =2 >
| 14 -28 50 | L B &
{_(—2,3,4,—5>,<—3_,7,—1,_ >< 542 3>i 762 3))
10 0 0 0 L 000
0100 | 0 100
0 010 | 0 010
0 001 0 001

{(1,5,0,-2),(0,0,1,6)} b. {(2,-4,3,5,-6),(~1,1,1,-3,2)}
0 -12 | L &
-12 37 16231 121

a. {(1,5,0,0),(0,0,1,0),(0,0,0,1)} b.

2 -4,3,5,-6),(-1,1,1,-3,2),(-9,14,0,-28,24)}
26 0 O = 00
0 10 |[d 0 10
0 01 0 01

1(1,0,0,-2),(0,1,0,3),(0,0,1,-5)} b.

-2,5,1,-2,-1),(1,-1,1,-2,1),(1,-1,-1,1, 1)}
5 -6 10 % &
6 10 -15 |d| 2 2 =
10 -15 26 _10 5 1

39 13 39

16. a. The standard basis for R4 b. The four columns of [T]. c. I3 d. I5. Again, this is not the
identity transformation.

4.3 Exercises
1. a {<_5’ 1112111>} b. {<1l 1$O>’<_4’711>}
2. a. {(-7,-1,9,3),(2,-3,-4,5)} (scaled down) b. {(2,0,1),¢(3,1,0),(0,0,1)}
3. a {(-7,-1,9,7),(2,-3,-4,3)} (scaled down) b. {(1,0,1),(3,1,0)} (scaled up)
4. a.4(3,2,-2),(5,2,6)} (scaled down) b. {(-1,1,0,0),(2,1,0,0),(2,-2,1,0),(2,-1,0,1)}
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a. {(5,4,-8),(3,2,-2)} b. {(-1,1,0),{(2,-1,1),(1,-1,1)}
a. {(4,7,-10),(13,17,-21)} b. {(-1,0,1,0),(-5,1,0,0),¢-4,0,3,1)}
a. {(8,10,-9),(-9,-14,16),(23,38,-65)} or simply {TJ k} b.
{(-1,0,1,0),(-15,0,5,-1),(-5,1,0,0)}
a. {(-43,105,-8,-110),(-9,1,5,-3)} (scaled down) b.
{(-1,0,1,0,0),(-4,1,0,0),(5,0,-6,1,0),(-2,0,3,0,1)}
a. {(-88,22,45,-41),(-92,350,-57,-355)} b. {(1,0,1,0),(—4,1,0,0),¢(5,0,-6,1)}
. a.{(192,3,43,-13)} (scaled down) b.
{(1,0,0,-1,0),(2,1,0,0,0),(-6,0,1,0,0),(4,0,0,-5,1)}
11. a. {(15,13,45,-58)} b. {(3,1,0,0,0),(-2,0,4,-7,1)}
12. a. {(-88,97, 7 -1), (4 —-40,-79,100)}
b. {< 1101 ’ 5’ 20’ 210 _E’O_’_E’E> <1o ’O’% 2;401_109> 3,1,0,0, O>}
13. a. {{(12,-22,13,31, 34),(—61 85,1,-171,146)} b. {(2,0,1,0),(-5,1,0,0),(2,0,-6,1)}
14. a. {(-21,31,3,-65,54), (—53,78,8,—164, 136)} b.
{(2,0,-6,1),(-%,0,% -1) (-1,0,-4,-13,(-5,1,0,0) }. Since this basis has 4
elements, the prelmage is all of R4, so any basis for R* is also a correct answer, including
the standard basis.
15. a. {(-6,21,-11,12,-1),(7,-25,19,-23,1),(-2,14,-12,13,2)} b.
{(0,2,-1,0,0),{(2,-3,5,1)}

4.4 Exercises

1. Yes.2.No. 3. Yes. 4. No. 5. Yes. 6. No. 7. Yes. 8. Yes. 9. No. 10. Yes.

11. xo = -21landzp = 14. 12.Xxo = 30, yo = —45, and zo = 18.

13. a. {(3,-1,2,0),€1,62,€4} b. {€1,€2,84+¢.3; d.3=4-1

14. a. {(3,5,2,-2),(-2,1,2,-2),61,€3} b. {€1,€3} ¢. 2; d.2=4-2

15. a. {<3,0,—2,0,7),61,82,33,64} b. {61,82,33,64} c. 4; d4=5-1

16. a. {(2,0,7,3,0>,<0,5,—14,—6,0>,61,€3,§5} b. {61,63,65} c. 3; d3=5-2
17. a. {(4,-3,0,0,5),(2,-3,0,0,5),(2,1,0,0,5),€3,€4} b. {€3,64} .2 d.2=5-3

4.5 Exercises

1. a {(3,5,4,-1),(2,3,2,~1)} b. {(~4,7,1)} c. {&1 + ker(T),&, + ker(T)}
d. T(gl + ker(T)) = Hl;T(gz + ker(T)) = 82

N oo

©

H
o ©

2. a {(2,-3,-4,5),(~7,~1,9,3)} b. {(3,1,0)} c. {&1 + ker(T), 3 + ker(T)}
d. T(€1 +ker(T)) = C1;T(€s + ker(T)) = Cs

3. a {(3,2,-2),(5,3,-1)} b. {(2,-2,1,0),(2,-1,0,1)} c. {&1 + ker(T), 82 + ker(T)}
d. T(€1 +ker(T)) = C1;T(&2 + ker(T)) = &,

4. a.{(3,2,-2),(5,3,-1)} b. {(2,1,0)} c. {& + ker(T), 82 + ker(T)} d.
T(€1 +ker(T)) =71, T(€2 + ker(T)) =2

5. a. {(2,3,-4),(5,7,-9)} b. {(-5,1,0,0),(~4,3,0,1)} c. {&1 + ker(T), s + ker(T)}
d. T(€1 +ker(T)) = C1;T(€s + ker(T)) = Cs

6. a. {(2,3,-4),(5,7,-9),(~7,-9,8)} b. {(-5,1,0,0)} c.
{€1 + ker(T),€3 + ker(T),&; + ker(T)}
d. T(81 + ker(T)) = C1; T(€3 + ker(T)) = C3; T(€4 + ker(T)) = C4

7. a {(-5,3,2,-4),(-4,-2,3,1)} b. {(~4,1,0,0,0),(5,0,-6,1,0),(~2,0,3,0,1)}

c. {€1 + ker(T),&s + ker(T)} d. T(€1 + ker(T)) = C1;T(€3 + ker(T)) = C3
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8. a {(-5,3,2,-4),(—4,-2,3,1)} b. {{(-4,1,0,0,0),(5,0,-6,1,0)}
c. {€1 + ker(T),&s + ker(T)} d. T(€1 + ker(T)) = C1;T(€3 + ker(T)) = C3
9. a {(-5,2,-3,4),(-3,-3,2,5)} b. {(2,1,0,0,0),(-6,0,1,0,0),(4,0,0,-5,1)}
C. {61 + ker(T),€s + ker(T)}> d. T(€1 + ker(T)) = C1; T(€4 + ker(T)) = C4
10. a. {(~2,3,4,-5),(~3,7,~1,2),(-5,4,-2,3)} b. {(3,1,0,0,0),(~2,0,4,~7,1)}
c. {€1 + ker(T),&s + ker(T),€4 + ker(T)} d. T(€1 + ker(T)) = C1; T(€s + ker(T)) = Cs;
T(64 + ker(T)) = 84
11. a. {(-2,3,4,-5),(~3,7,-1,2),(-5,4,-2,3),(-7,6,-2,3)} b. {(3,1,0,0,0)}
c. {€1 + ker(T),€3 + ker(T),€, + ker(T),€s + ker(T)
d. T(E1 + ker(T)) = C1; T(€3 + ker(T)) = C3; T(€4 + ker(T)) = C4; T(€s + ker(T)) = Cs
12. a. {(2,-4,3,5,-6),(~1,1,1,-3,2)} b. {(~5,1,0,0),(2,0,-6, 1)}
c. {€1 + ker(T),&s + ker(T)} d. T(€1 + ker(T)) = C1;T(€3 + ker(T)) = Cs
13. a. {(2,-4,3,5,-6),(~1,1,1,-3,2),(-9,14,0,-28,24)} b. {(-5,1,0,0)} c.
{61 + ker(T), €3 + ker(T), €, + ker(T)}
d. T(@l + ker(T)) = Bl;T(@g +ker(T)) = 85T(€4 +ker(T)) = 84
14. a. {(-2,5,1,-2,-1),(1,-1,1,-2,1),(1,-1,-1,1,1)} b. {(2,-3,5,1)}
c. {€1 + ker(T),€, + ker(T),€; + ker(T)} d.
T(@, +ker(T)) = C1;T(E2 + ker(T)) = C2; T(€3 + ker(T)) = C3
15. a {((=2,-1,1))+ U} b. & + W} ¢. {(~2,-1,1)+ U8, + U} d. {& + W/U} e.
TE +U+W/U) =8, +W
16. a {(1,1,1,2) + U} b. {81+ W,83 + W} ¢. {(1,1,1,2) + U,8; + U, 85 + U}
d. €1 +WU,E+ WU e. TE1 +U+W/U) =€ +W;TE3+U+W/U) =3+ W;
17. a {(1,1,1,2) + U,(3,-1,1,2) + U} b. {83 + W} C.
£1,1,1,2)+ U,(3,-1,1,2) + U,8; + U}
d. €3+ W/U}e. TE:+U+W/U) =3+ W
18. a {(3,-1,1,2) + U} b. {3 + W} ¢. £(3,-1,1,2) + U,85 + U} d. {& + W/U} e.
TE;+U+W/U) =83+ W
19. a {(1,1,1,2,-3)+ U,(3,-1,1,2,-3) + U} b. {&3 + W, 84 + W}
c. £(1,1,1,2,-3) + U,(3,-1,1,2,-3) + U, 83 + U,84 + U}
d. {3 +W/U, 84 +W/U e. TE: +U+W/U) =83 +W;TE+U+W/U) =€, +W
20. a {(3,-1,1,2,-3) + U} b. {83 + W, 84 + W} C. {(3,-1,1,2,~3) + U, 83 + U, 84 + U}
d. {3+ W/, 84 + WU e. TE: +U+W/U) =83 +W;TEs+U+W/U) =€, +W
21. a {(3,-1,1,2,-3) + U,(3,-1,1,-1,-3) + U} b. {€3 + W}
c. 4(3,-1,1,2,-3)+ U,(3,-1,1,-1,-3) + U,83 + U} d. {&; + W/U)} e.
TE;+U+W/U) =83 +W
22. a. {(1,-1,-12,6),(11,-16,13,1),(1,1,-16,10)} b. {(5,~7,~2,4)}
c. {(1,-1,-12,6) + W,(1,1,-16,10) + W} d.
{1,-1,-12,6) + (V N W), (1, 1,~16,10) + (V N W)}
e. {(1,-1,-12,6) + V,(1,1,-16,10) + V} f.
{1,-1,-12,6) + (V A W),(1,1,-16,10) + (V N W)}
0. T1((1,-1,-12,6) + W) = (1,-1,-12,6) + (VN W);
T1((1,1,-16,10) + W) = (1,1,-16,10) + (V O W):
h. To((1,-1,~12,6) + V) = (1,-1,-12,6) + (V. N W);
T,((1,1,-16,10) + V) = (1,1,-16,10) + (VN W)
23. a. {(3,5,-2,4,(1,2,7,-3,(0,2,1,-5),(2,-3,1,6)} b. dim(V 0 W) = 0, so it has no
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basis.
C. {(3,5,-2,4) + W,(1,2,7,-3) + W} d. {(3,5,-2,4) + £64},<1,2,7,—3> + £64}}

e. {(0,2,1,-5)+V,(2,-3,1,6) + V} . {(0,2,1,-5) + {04 },(2,-3,1,6) + {04 } }

g.
T1((3,5,-2,4) + W) = (3,5,-2,4) + {64};Tl(<1, 2,7,-3)+W) = (1,2,7,-3) + {64};

h. T2((0,2,1,-5)+ V) = (0,2,1,-5) + {64};T2(<2,—3, 1,6)+V) =(2,-3,1,6)+ {04}
24. a. {(-3,-2,7,-4),(~2,13,-12,-2),(-2,3,-5,1),(~3,-5,6,—11)}

b. {(-26,-17,14,0),(3,-8,0,7)} ¢. {(-3,-2,7,-4) + W} d. {(-3,-2,7,-4) + (VN W)}

e. {(-3,-5,6,-11) + V} f. {(-3,-5,6,—-11) + (VN W)}

9. T1((-3,-2,7,-4) + W) = (=3,-2,7,-4) + (VN W) h.

T2((-3,-5,6,-11) + V) = (-3,-5,6,-11) + (VN W)
25. a. {(-3,4,-1,4,6),(-6,8,5,15,-13),(1,-2,0,-5,3),(1,3,-2,7,2)} b. {(3,-2,-5,0,4)}

c. {(-3,4,-1,4,6) + W, (-6,8,5,15,-13) + W} d.

{(-3,4,-1,4,6) + (VN W),(-6,8,5,15,—13) + (VN W)}

e. {(1,3,-2,7,2) + V} f. {(1,3,-2,7,2) + VNW)} g.

T:1((-3,4,-1,4,6) + W) = (-3,4,-1,4,6) + (VN W);

T1((-6,8,5,15,-13) + W) = (-6,8,5,15,-13) + (VN W); h.

T2((1,3,-2,7,2)+ V) = (1,3,-2,7,2)+ (VN W)
26. a. {(-1,7,5,-6,6),(-1,-8,2,-4,2),(1,0,3,-4,3),(5,3,-2,7,-4),(~6,9,-2,0,0)}

b. {(-17,31,-3,0,4),(-3,7,-1,2,0)} c. {(-1,7,5,-6,6) + W,(-1,-8,2,—4,2) + W}

d. {(-1,7,5,-6,6) + (VN W),(~1,-8,2,—4,2) + (VO W)} e. {(-6,9,-2,0,0) + V} f.
{(~6,9,-2,0,0) + (VN W)}
g

6,6)+ (VNW); T1((-1,-8,2,-4,2) + W) = (-1,-8,2
2,0,0)+ (VNW)

Ti(<—1,7,5,—6,6> +W) = (-1,7,5,
h. T2((-6,9,-2,0,0) + V) = (-6,9,
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Chapter Five Exercises

5.1 Exercises

1.

10.
13.

14,

15.

16.

17.

18.

19.

20.

21.

22.
24.
26.
28.

31.

3; 2. —23; 3. —11/3; 4.-5/3: 5. 4In2+7In3; 6. 1/2; 7. -47 8. 148: 9.
27/8;

—29/3; 11. 1800; 12. -70In2 —491In5

a. ab; b. it is invertible if and only if both a and b are non-zero; c.

gl bo | | £ 0
ab| 0 a o+ I

a. a? +b?; b. itis invertible if and only if either a or b is non-zero; c.

1 a -b
a?+b?| p a |
. ] . . 1 a -b
a.a? —b?; b. itis invertible if and only if a # b; ¢c. = :

a’-b?| b a
a. 2ab; b. itis invertible if and only if both a and b are non-zero; c.

gl ba | | =
2ab| p a + L

o o . b -a
a.b—a; b. itisinvertible if and only if a = b; c. 1
b-al 1 1
. N o e e ] e2a g2
a. 2e?; b. it is always invertible;c. ﬂ[ = l[ ]
2 p2a  g2a 2 g g

cos(f) sin(0)
—sin(@) cos(0)

i cosh(a) —sinh(a) ]

—sinh(a) cosh(a)

a. 1; b. it is always invertible; c.

a. 1; b. it is always invertible; c.

a. sin(0 + ¢); b. it is invertible if and only if 6 + ¢ + nz, where n is an integer; c.

1 sin(¢) sin(9)
sin(0+¢) | —cos(g) cos(d)

(2,4,1,3); both have 3 inversions. 23. (5,3,2,4,1); both have 8 inversions. Notice that
c=o0"1

(5,3,6,1,4,2); both have 10 inversions. 25. (6,4,2,7,5,1,3); both have 14 inversions.
(5,7,3,8,4,1,6,2); both have 18 inversions. 27. (2,1,4,3); 2 inversions.

(2,3,5,4,1); 5inversions. 29. (4,1,2,5,6,3); 5inversions. 30. (6,3,4,2,5,1,7); 11
inversions.

(6,2,3,5,1,7,8,4); 11inversions. 32. a. 0; b. 0; c. -1. 33. a. 0; b. 0; c. -1
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34.
35.

(c—a)(c—b)(b—a) (other factorizations are possible, up to +1)
the permutationo = (n,n-1,...,3,2, 1) willhave (n-1)+---+3+2+1 = (n—-1)n/2
inversions.

5.2 Exercises

1.

(<) 2. (+) 3. (=) 4. (+) 5 (=) 6. (=) 7. missing 2; (+) 8. missing 4; (-) 9.
missing 3; (+)

10. missing 5; (+) 11. missing 2 and 5; (=) 12. missing 7 and 4; (=) 13. 0; column 2 is
all zeroes.
14. 0; the third row is 4 times the first 15. —30; the matrix is upper triangular
16. 7/5; the matrix is upper triangular; 17.-2640; the matrix is lower triangular
18. 60; the matrix is upper triangular; 19. 3780; the matrix is upper triangular
20. —1/4; the matrix is lower triangular. 21. -560 22. 360 23. 720 24. —7/2
25. a. —=5; b. 5 ¢ -20 d. 1/3 26. a. 42; b. 20 c. 10800 d. 40
27. a. 9 b. 270 c. -252 d. 0 28. a. =70; bh. 6 c. 480 d. 588
29. —-321; 30. 93; 31. 2981 32. 403 33. 863; 34. —1779; 35. —182 36. —448
37. —439; 38. 9730; 39. —29700 40. 214295 41. a. det(A) = 76; det(B) = 345;
det(C) = 421
5.3 Exercises
38 36
1. a. det(A) = -34 and det(B) = 46. b. AB = 16 26 and det(AB) = —1564.
11 4
c.—1564 = (-34)(46)d. A+B = [ 45 ] and det(A + B) = 39.
18 -12
e.39 + -34+46. f.3B = [ . ] and det(3B) = 414. g. det(3B) = 9det(B).
-1 3 -4 2 -3 2
2. a7 2 -8 3 |-(2) -1 3 —4 | b. firstdeterminantis—149 and the other is
6 5 7 2 -8 3
-27; c. -1097
-3 7 2 5 -3 =2
3.a 6| 3 6 4 |—-(4)| -1 3 4 | b. firstdeterminantis—449 and the other
-8 -2 3 2 -8 3
is 168; c. 3366 _ B _
4 -2 3 8 6 1 1 11
9 0 17 28 9 0 17 28
4. a b.
2 3 -2 3 2 3 -2 3
-3 0 9 -5 -3 0 9 -5

60
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61 1 11 |
9 17 28
9 0 17 28
C. d —-| -16 -5 -30
-16 0 -5 -30
-3 9 -5
-3 0 9 -5
e. 1627
5. a. -219 b. -180 6. a. -255 b. 2452 7. a. =511 b. —-1578
8. a. 56 b. —43 9. a. -42 b. —686 14. 140
16. a. 1512 g. r(x) = (Xx—a1)(x—az)---(x — ax); the bottom entry will

be: r(ak1) = (Aks1 — A1) (ake1 — a2) -+ (Ake1 — Ak)
5.4 Exercises

[ 4 s 4 -5 20 5
1. a. adj(A) = P AL = T 7 | b. adj(B) = : Bis
-1 3 -+ 3 -12 -3

not invertible.

-4 -7 -2 T % W
2. a adi(A)=| -10 5 -5 [ At=| 2z -1 1 b.
| -1 -13 23 1oz
14 -6 -31 % & oo
adiB)=| -7 -24 2 | B'=| &+ & &
35 15 17 B
183 85 74 62
. —-534 -338 -379 44
3. a. adj(A) =
-63 63 42 63
-339 -388 -362 53
[ e .8 __ 74 62 ]
343 1029 1029 1029
178 338 379 44
Al _ 343 1029 1029 1029
3 3 _2 3
49 49 49 49
113 388 362 53
| 343 1029 1029 1029
4 a (y)=(-%.-8) b xy=(&-Z
5. a. doesn’t apply b. (x,y) = (%, —-=
6. a (x,v,z)=(3,L,%) b. doesn’tapply
7.8 (Y.2) = (I 1or 30 ) b 02 = (5w
8. a (xyzw)= (4% 35 39 1B} (xy,z,w)= (5, 860)
9. a (xy,zywy= (b &8 AL 2L b o(xy,zw) = (1,-+,-%,1)
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10. b= 3L: ¢ =-86 11 (50,-2,7)
4 00 0 0 -1 103
-5 0 0 -1
12.[ ][ } 010 | 0O -1 0 | 010
0 1 -1 0
004 -1 0 O 001
-21 -35 27
16. b. adj(A) = 0 14 -12 |[. Itisalso upper triangular.
0O 0 -6
5.5 Exercises
1. a. Ws(x) = 16cosxcos3xsin2x — 9cosxcos 2xsin3x — 5sinxcos2xcos 3x; b.
Ws(r/4) = -8, so S is linearly independent.
2. a.Ws(x) = —-e% b. Ws(0) = -1, so Sis linearly independent.
3. a. Ws(X) = —ne?™ b, Ws(x) = —n = 0, so S is linearly independent.
4. a. Ws(x) = z(x) b. Sislinearly dependent.
5. a.Ws(x) = z(x) b. Sislinearly dependent.
6. a. Ws(X) = 18c0s2xc0s22x + 18c0s2xsin?2x + 18sin?x cos22x + 18sin?xsin?2x
b. Ws(0) = 18, so S is linearly independent.
7. a. Ws(x) = 12(tanx) sec?(2x) sec?(3x)[3(tan 3x) — 2(tan 2x)]
+ 6tan 2xsec?(3x) sec?(x)[(tanx) — 3(tan3x)]
+ 4tan 3xsec?(2x) sec?(x)[2(tan 2x) — (tanx)]
b. Ws(n/3) = 216,350 S is linearly independent.
8. a. Ws(x) = %x’ﬁmb. Ws(1) = 2, s0 S is linearly independent.
9. a Ws(X) = g5 X 60 b, Ws(1) = 57, so Sis linearly independent.
10. a Ws(x) = (-5 ) [(H)(H)(;3)(#4)]3/2 b. Ws(5) # 0, so S is linearly independent.
11. a. Ws(x) = (59)(4*)(3*)(In4 —1In3)(In5-1In3)(In5-1In4) b.
Ws(0) = (In4=1In3)(In5-1In3)(In5—-1In4) + 0, so Sis linearly independent.
12. a. Ws(x) = z(x) b. Sislinearly dependent.
13. a. {ekix, ekx . jeknx} b W (X) = V(K1 Kz, ... Kn) - etker+kmx ¢,
W, (0) = V(ky,kz,...,kn) # 0, since the k; are distinct, so S is linearly independent.
14. a. {bY,b3,..., b5} b. Wy (x) = V(n(by),In(b2),...,In(bn))b% - b5 - --- - bY c.
W, (0) = V(In(bz),In(b2),...,In(bn)) # 0O, since the b; are distinct, so S is linearly
independent.
15. a. {xk1, xk2, .. xkn} b, W (X) = V(Ka, Ko, ... kn)xkitket+knn(nel)iz ¢,
W, (0) = V(ky,ko,...,kn) = 0, since the k; are distinct, so S is linearly independent.
16. a. {(x—ki)™, (x=k2)", ..., (x=kn)™} b.andc. If mis a positive integer and
n > m+ 1, then Wg,(X) = z(x) and consequently S will be dependent, since
dim(R™) = m+ 1, and S’/ contains n > m + 1 vectors from R™. If m is not a positive
integer, thenm, m—1, ..., m—iis never zero for any positive integer i, and we get:
Ws(X) =2m-m(m-1) .m(m-1)(Mm—-2) «--- e (M=-N+2) «
X —k)™ X — k)™ oo (= k)™ V(X — kg, X — K2, ..., X —Kn);
Note: the sign + or — depends on the remainder j when n is divide by 4, i.e. n = 4i +j,
where i is a non-negative integer and j = 0, 1,2, or 3, since we will need to perform row
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exchanges in order to bring the Wronskian matrix into a form similar to the Vandermonde
matrix (note that the powers of x — k; are in decreasing rather than increasing order); the
number of these exchanges depends on j; by letting x be any number bigger than ki

(where we assume the k; are in increasing order), we get a non-zero value for Wy, (x), so
S is independent.
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Chapter Six Exercises

6.1 Exercises

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

64

p(A) = A% + 1 —6; Eig(A,2) = Span({(-1,1)}); Eig(A,-3) = Span({(-2,1)}). Each is
1-dimensional.

p(A) = A2 - 81+ 15; Eig(A,5) = Span({(2,5)}); Eig(A,3) = Span({(1,2)}). Eachis
1-dimensional.

p(1) = A2 - 111 - 12; Eig(A,-1) = Span({(-2,3)}); Eig(A,12) = Span({(3,2)}). Each
is 1-dimensional.

p(L) = A2+ 31— 10; Eig(A,2) = Span({(—4,3)}); Eig(A,-5) = Span({(-3,2)}). Each
is 1-dimensional.

p(1) = A% + 36; since the eigenvalues are imaginary, there are no eigenvectors.

p(1) = A2 — 151 + 44; Eig(A,4) = Span({(5,2)}); Eig(A,11) = Span({(7,3)}). Each is
1-dimensional.

p(A) = (A-5)(A+2)(A +4), Eig(A,5) = Span({(1,0,0)});

Eig(A,—2) = Span({(4,~7,0)});

Eig(A,—4) = Span({(2,27,18)}). Each is 1-dimensional.

P(A) = (A-4)(A-T7)(A+2); Eig(A,4) = Span({(6,2,1)});

Eig(A,7) = Span({(0,-3,2)});

Eig(A,—2) = Span({(0,0,1)}). Each is 1-dimensional.

p(A) = A(A +5)(4 - 8); Eig(A,0) = Span({(3,-5,0)}); Eig(A,-5) = Span({(1,0,0)});
Eig(A,8) = Span({(69,-91,104)}). Each is 1-dimensional.

p() = (A-3)*(1-2)(A-4); Eig(A,3) = Span({(1,0,0,0),(0,5,1,0)}),
2-dimensional;

Eig(A,2) = Span({(-3,1,0,0)}); Eig(A,4) = Span({(27,-9,-2,2)}); the other two are
1-dimensional.

P() = (A+2)*( - 3)? Eig(A,-2) = Span({(5,4,0,0),(0,0,-1,3)});

Eig(A,3) = Span({(0,-1,2,0),(0,0,0,1)}). Each is 2-dimensional.

p(A) = (A-5)3(1 + 3); Eig(A,5) = Span({(0,0,1,0),(0,0,0,1),(8,7,0,0)}),
3-dimensional, and

Eig(A,-3) = Span({(0,1,-3,2)}), 1-dimensional.

p(1) = A2 — 1 —10/9; Eig(A,5/3) = Span({(-7,4)}); Eig(A,-2/3) = Span({(1,-1)}).
Each is 1-dimensional.

p(A) = (A +1/3)(A —4/3)(4 - 2/3); Eig(A,-1/3) = Span({(1,0,0)});

Eig(A,4/3) = Span({(1,1,0)});

Eig(A,2/3) = Span({(3,1,2)}). Each is 1-dimensional.

p(A) = A(A=5/2)(1 + 3/2)(A - 1/2); Eig(A,5/2) = Span({(1,0,0,0)});

Eig(A,0) = Span({(7,5,0,0)});

Eig(A,-3/2) = Span({(11,12,-4,0)}); Eig(A,1/2) = Span({(57,34,10,-8)}). Each is
1-dimensional.

a. p(A) = A% —36; Eig(A,6) = Span({(3,2)}); Eig(A,—6) = Span({(-3,2)}).

b. the eigenvalues are imaginary: +6i, so there are no eigenvectors.

a. p(A) = (A-3)%(A +2); Eig(A,3) = Span({(1,0,0),(0,2,5)}), 2-dimensional;
Eig(A,-2) = Span({(-3,1,0)}), 1-dimensional.

b. p(A) = (2 —3)*(A +2); Eig(A,3) = Span({(1,0,0)});
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18.

19.

20.

21.

22.

23.

24.

31.

32.

Eig(A,-2) = Span({(-14,5,0)}); both 1-dimensional.

a.p(l) = (A+7)%(2—2); Eig(A,—7) = Span({(3,1,0),(0,0,1)}), 2-dimensional;
Eig(A,2) = Span({(0,1,-2)}), 1-dimensional.

b. p(A) = (2 +7)*(2 - 2); Eig(A,~7) = Span({(0,0,1)});

Eig(A,2) = Span({(0,1,2)}); each is 1-dimensional.

a. p(l) = (A-3)%(1+2)% Eig(A,—2) = Span({(1,0,0,0)}), 1-dimensional;
Eig(A,3) = Span({(-2,1,0,0),(49,0,15,5)}), 2-dimensional.

b.p(1) = (A —3)?(A +2)?; Eig(A,—2) = Span(<{(1,0,0,0),(0,7,5,0)});

Eig(A,3) = Span({(-2,1,0,0),(46,0,15,5)}). Both are 2-dimensional.

c.p(1) = (A—3)*(2+2)% Eig(A,—2) = Span({(1,0,0,0),(0,7,5,0)}), 2-dimensional;
Eig(A,3) = Span({(-2,1,0,0)}), 1-dimensional.

a.p(2) = (A —3)(A+2)% Eig(A,—2) = Span({(1,0,0,0)});

Eig(A,3) = Span({(-2,1,0,0)}). Both are 1-dimensional.

b.p(A) = (A—3)(A +2)% Eig(A,3) = Span({(-4,1,0,0)}), 1-dimensional;
Eig(A,-2) = Span({{(1,0,0,0),(0,2,5,0)}), 2-dimensional.

c.p(1) = (A -3)(A+2)%; Eig(A,3) = Span({(-4,1,0,0)}), 1-dimensional;
Eig(A,-2) = Span({{(1,0,0,0),(0,2,5,0),(0,-4,0,5)}), 3-dimensional.

a.p(l) = (A-3)%(1-1)% Eig(A,1) = Span({(1,0,0,0,0),(0,3,1,0,0)});
Eig(A,3) = Span({({2,1,0,0,0),(0,0,3,1,0)}). Both are 2-dimensional.

b.p(2) = (2 -3)*(2 - 1)%;

Eig(A,1) = Span({(1,0,0,0,0),(0,3,1,0,0),(0,0,0,-5,2)}), 3-dimensional;
Eig(A,3) = Span({(2,1,0,0,0),(0,0,3,1,0)}), 2-dimensional.

c. p(A) = (A-3)’(2 - 1)%;

Eig(A,1) = Span({(1,0,0,0,0),0,3,1,0,0),(0,5,0,-5,2)}), 3-dimensional;
Eig(A,3) = Span({(2,1,0,0,0)}), 1-dimensional.

a.p(d) = (2-43) (2~ 42); Eig(A /3 ) = Span({(1,1,0),(0,0,1)}),
2-dimensional;

Eig(A, v2) = span({{0,V3 - /2,5)} ), 1-dimensional.

b.p2) = (2~ ¥3)*(2-J2); Eig(A,¥3) = Span({(0,0,1)}), 1-dimensional;
Eig(A, ﬁ) = Span({(O,J_ - ﬁS}}) 1-dimensional.

a. p(A) = (A —372)%(A - 27); Eig(A,372) = Span({(0,0,1)}), 1-dimensional;
Eig(A,27) = Span(§<0,37r —-2,1)}), 1-dimensional.

b. p(1) = (A -372)°(A - 2r); Eig(A,37?) = Span({(r,2,0),(0,0,1)}), 2-dimensional;
Eig(A,27) = Span({(0,37 — 2,1)}), 1-dimensional.

AT = 180 j . We get the same characteristic polynomials and thus same
eigenvalues.

However, for AT, Eig(AT,-3) = Span({(1,1)}) and Eig(A™,2) = Span({{1,2)}). These
eigenspaces are different from the eigenspaces for A. Notice, however, that the
corresponding eigenspaces are orthogonal to each other!

a. A% —2cos()A + 1; b. The discriminant is —4sin?(9), which is negative unless
sin(@) = 0, which corresponds to & = zn. In this case, A = cos(nz) = £1, and Ry = =#I.

0 IR i : .
a.D = b. rotate a vector V counterclockwise by 6 then reflect this resulting
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vector across the y-axis;

c. A2 —1 d. the eigenvalues are always A = 1 and A = —1;
e. Eig(A,—1) = Span({(sin(0),1 + cos(f))}) and
Eig(A,1) = Span({(sin(#),—1 + cos(0))}).

f. Eig(A,—1) = Span({(sin(6/2),cos(0/2))} ) and
Eig(A,1) = Span({{cos(8/2),—sin(6/2))}).

h. they are orthogonal to each other!

513 12113 | _ ) ) | )
12/13 -5/13 ] Eig(A,-1) = Span({(-2,3)}) and Eig(A, 1) = Span({(3,2),).

J. Repeat (a) to (h) for the matrix B:

a.D = [ ; 2 ] b. reflect V across the x-axis, then rotate this resulting vector
counterclockwise by 6.

c. A2 —1 d. the eigenvalues are always A = 1 and 1 = —1;

e. Eig(A,—1) = Span({(sin(8),—1 — cos(0))}) and

Eig(A,1) = Span({(sin(@),1 —cos(9))}).

f. Eig(A,-1) = Span({{sin(6/2),—cos(6/2))}) and

Eig(A,1) = Span({{cos(6/2),sin(6/2))}).

h. again, they are orthogonal to each other.

-5/13 12/13 | _. 3 B . B
s 513 | Eig(A,-1) = Span({(-3,2)}) and Eig(A,1) = Span({(2,3)}).
34. b. Eig(A1 @ A2,-5) = Span({(0, 0,1, 2,1)});
Eig(A1 & A2,3) = Span({(-2, 1,0, 0, 0),¢0,0,-1, 1, 0),¢(0,0, 1,0, 1)});
Eig(A1 ® A, 7) = Span({(-5, 2,0, 0, 0)})

6.2 Exercises

ForA=-5:{(1,1,0)}; forA =3 : <{(1,1,1)} andfor A = 7 : {(0,-1,1)}.
Hint: the exponent of p; can be 0, 1, 2, ..., n;.
24 possibilities: +{1,2,3,5,6,9,10,15,18,30,45,90}; roots are: A = 5,6,-3
24 possibilities: +{1,2,3,4,6,8,9,12,18,24,36,72}; roots are: A = 6,-3,—4
8 possibilities: +{1,3,5,15}; roots are: 1 = 5,3 + /6,3 - /6.
P(A) =A% -922+231-15=(1-5)1-1)(A-3); forA = 1: {(-1,0,1)}, dim = 1;
forA =3 :{(1,0,1)}, dim=1; forA =5 : {(0,1,0)}, dim = 1.
7. p(A) = A3 =222 -151+36 = (A —3)* (A + 4);
forA =3 :{(0,0,1)}, dim = 1; for A = -4 : {(-7,0,1)}, dim = 1.
8. p(A) = A3 1542+ 724112 = (A - 7)(A - 4)%;
forA =7:{1,1,1)}, dim=1; forA =4: {(-1,1,0),(-1,0,1)}, dim = 2,
9. p(A) = 23-512-71+35; forA =5: {0,0,1)}, dim = 1;
forA = J7 : {{1, /7 =3,0) }, dim = 1; for A = -7 : {(1,-J7 —-3,0)}, dim = 1.
10. p(A) = A3 -3A2-104+24 = (A—-2)(A—-4)(A+3); for A = -3 : {(2,9,2)}, dim = 1;
forA =4:{1,1,1)}, dim = 1; for A = 2 : {(36,42,31)},dim = 1.
11. p(A) = A3 —7/4A2 + 7/16A + 15/64; for A = -1/4 : {(2,3,2)}, dim = 1; for
A=3/4:4(,11)}, dim=1; forA = 5/4 : {(4,4,3)},dim = 1.

ocogakrwnE
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

p(A) = A3 -131-12; forA =4 : {0,-1,1)}, dim = 1; for A = -1 : {(-1,0,1)},

dim =1; for A = -3 : {(2,-3,0)}, dim = 1.

P(A) = A3 —15A2 + 724 —112; for A = 4 : {(4,0,5),(2,-5,0)}, dim = 2; for

A=7:41,-1,1)}, dim = 1.

p(1) = A3 — 1512 + 721 — 112 (note: same as Exercise 13); for A = 4 : {(2,-1,1)},

dim=1; forA =7:{(,-1,1)}, dim = 1.

p(A) = A3+ 12 - 211 —-45; for A = 5 : {(-4,2,1)}, dim = 1; for

A=-3:4{-2,1,0)(10,1)}, dim = 2;

p() = A3 -51%2-321-36; for A = 9 : {(1,4,-2)}, dim = 1; for

A =-2:4(1,1,0),(1,0,1)}, dim = 2;

p(A) = A3 =712 =51+ 75; for A = -3 : {(1,3,-2)}, dim = 1, for

A=5:40,1,-1)(2,3,0)}, dim = 2;

p(A) = A%+ +A2 - QA - L&; for A = 7/3 : {(1,1,2)}, dim = 1; for

A =-4/3 : {{(-2,5,0),(3,0, 5)} dim = 2;

P(A) = A3+ +2% - 33A+ 3 fora = 7/ ; {(-2,-1,2)}, dim = 1; for

A =3/4:4(3,10), <3 O 5)} dim = 2;

p(A) = 2% - Z2% - 3;L+ 2, for A = —4/5 : {(-1,-1,2)}, dim = 1; for

A =23/5:{(2,1,0), (3 0,5)}, dim = 2;

p(1) = A* — 2512 — 313 + 751; for A = -5 : {(3,0,-5,4)}, dim = 1; for

A=0:{-4,00,3)}, dim=1; forA=3: {0,1,0,0)}, dim = 1; for

A=5:43,0,54)}, dim = 1.

P(A) = A% — 9812 + 2401 = (A —-7)*(A+7)% for A = -7 : {(-1,0,0,1),(0,—1,1,0)},

dim=2; forA =7 :{(1,0,0,1),(0,1,1,0)}, dim = 2.

p(A) = A% — 11612 + 1600 = (A + 10)(1 — 4)(A + 4)(A - 10); for

A=-10:{1,-1,1,-1)}, dim =1; forA = 10 : {(1,1,1,1)}, dim = 1; for

A=-4:{-1,-1,1,1)}, dim=1; for A = 4 : {(-1,1,1,-1)}, dim = 1.

p(A) = A4 =723+ 22 +631-90 = (A—-2)(A - 3)(A + 3)(1 - 5); for

A=-3:40,-1,0,1)}, dim=1; for A = 3 : (3,0,1,0), dim = 1; for

A=2:4(-91,-3,-2)}, dim=1; forA=5:{-1,-1,0,1)}, dim = 1.

P(A) = A* - 313 - 1212 + 201 +48 = (A —3)(A — 4)(A + 2); for

A=3:{2,-1,1,-1)}, dim = 1; for A = 4 : {(-5,2,-2,0)}, dim = 1; for

A=-2:43,0,3,-1)(-3,3,0,1)},dim = 2.

P(A) = A4 + 223 — 2312 — 241 + 144 = (A—3)*(A + 4)?; for

A=3:41,0,20),(0,1,-2,1)}, dim = 2; for A = -4 : {(-2,1,-5,1)}, dim = 1.
P(L) = A4 — 23— 1842 + 524 — 40 = (/1—2)3(/1+5); for

g_z 2 :1{<1,0,2,0),(0,1,3,0),(0,0,—3,1>}, dim = 3; for A = -5 : {(-2,1,-3,1)},
im= 1.

P(A) = A4 —5A3 +6A2+41 -8 = (A—2)3(AL +1); for

A=2:4-251,0)(5,10,0,4)}, dim = 2; for A = -1 : {(-2,1,-3,7)}, dim = 1.
p(A) = A% —10A* + 3243 — 3212; for A = 2 : {(0,0,1,0,0)}, dim = 1. for

al_z 0 :2{<O,—1,0,1,0),(1,0,0,0,—1)}, dim=2; forA =4: {(0,1,0,1,0),(1,0,0,0,1)},
im = 2.

p(A) = A%+ 1?2 — 311 + 46; Eig(A,-6.6758) = Span({(-0.60015,-0.8689,1)});
Eig(A, 1.7594) = Span({(1.10664, 0.3865,1)});

Eig(A, 3.9164) = Span({(-1.72078, 2.3395,1)}).

p(1) = A3 +81%2 + 71— 13; Eig(A,—6.6545) = Span({(-0.5515, 0.1185,1)});
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Eig(A,—2.2239) = Span({(0.92536,-4.1326,1)});
Eig(A, 0.87843) = Span({(1.9595, 0.680745, 1)} ).

32. p(A) = A* =31 - 1412 + 261 + 10;
Eig(A,—3.3149) = Span({(-0.158774, 0.156133,-0.072369,1)});
Eig(A,—0.33044) = Span({(-2.75815,-5.4277, 8.15926, 1)} );
Eig(A, 1.9403) = Span({(6.3174, 1.3771, 2.929, 1)});
Eig(A, 4.705) = Span({({2.3495,-5.35553,-2.89094, 1)}).

37. a. False. b. True. c. False. d. False. e. True. f. False. g. True.

6.3 Exercises

Note: the diagonal entries of D can be rearranged, as long as the corresponding eigenvectors

are also located in the corresponding columns of C.

1 Do -3 0 c- -2 -1 5 Do 50 c- -3 4
0 2 1 1 0 2 2 3
3. This matrix is not diagonalizable because the eigenvalues are imaginary.
— -4 00
=213 0 1 -7
4, D = ; C = 5 D= 020
0 5/3 -1 4
— 0 05
2 4 1
C=| 271 -7 0
18 0 O
- 2000
-1/3 0 0 131
0300
6. D= 0283 0 |;C= 011 7. D=
0030
0 0 4/3 020
L 0004
-3 10 27
05 -9
C=
01 -2
00 2
500 11 0 100
8. D= 30 |)C= 11 -1 9. D = 0 30
07 01 1 0 05
-1 10
C= 001
110

10. This matrix is not cﬁagonalizable because there are only two linearly independent vectors,

and this is a 3 x 3 matrix.
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400 111 300
11.D=| 040 [;C=| 1 01 |12D=| 020
00 7 0 1 1 00 4
2 36 1
C=| 9421
2 31 1
14 0 0 21 4 3 00
13. D = 034 0 [;C=| 314 |14D=| 0-10
0 0 5/4 213 0 0 4
2 1 0
c=| -3 0 -1
0 1 1
400 4 2 1
15 D=| 040 [;C=| 0 -5 -1
00 7 5 0 1

16. This matrix is not diagonalizable because there are only two linearly independent vectors,
and this is a 3 x 3 matrix.

3 00 21 -4 2 00
17.D=| 030 [;C=| 10 2 |18D=| 020 [
0 05 01 1 0 009
10 1
c=| 01 4
1 -1 -2
[ 7 000 | 0 —101 | [ 3000 |
.| O 700 | | o010 |, 10200
0 0 70 1 010 0 030
0 0 07 0 1 01 0 005
0 93 -1 |
c | 110
0 31 0
1 20 1
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21.

-2 0 0O
0 200
0 0 30
0O 0 0 4

D =

3 -3

0 3

3 0
-1 1

2 -5
-1 2

1 -2
-1 0

22. This matrix is not diagonalizable because there are only three linearly independent

23.

25.
27,
29.
31.

33.

w

36.

70

vectors, and this is a 4 x 4 matrix.

[ 50 ] [ 210
Do 0 2 C— 1 01
0 0 -3 2 3
00 1 00
1 0001 |
0 -1010
C= 0 0 100
0 1 010
-1 0 001
Only_the matrix in (a) is diagonalizable.

Only the matrix in (a) is diagonalizable.
Only the matrix in (c) is diagonalizable.
Only the matrix in (a) is diagonalizable.

—28381 -37884
18942 25288

3125 1804 -3167

0 -32 1488
0 0 -1024

[ 243 _1477 1261 14472
0 32 1804 -2996
0 0 -3125 —461
0 0 0 1024

-5322 -362 6708
-4749 -605 6378
-5354 -362 6740

24. D =

22003 22099
729 729 35
_ 12628 _ 12724 '
729 729
—6493 3368 3368
37. —23300 20175 3368
16564 -16564 243

OO O O o o

o O O O o

O O N O O

o ~ O O O

38.

~ O O O O

26. Only the matrix in (a) is diagonalizable.
28. Only the matrix in (b) is diagonalizable.
30. Only the matrix in (b) is diagonalizable.
32. Only the matrix in (b) is diagonalizable.
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39.

41.

42,

44,

46.

49,

Sl

483 484

3075
-59113 59081
—236324 236292
118162

484
-3801 -2777 -3801
2050 3074

59081
236324

-118162 -118194

40.

—77891 -31566 63132

78915

32590 —63132

—78915 -31566 64156

0 0 0 16807 [ 3125 _1899 -8646 -1899 |
0 0 16807 O 45 | 3368 518 -10104 275
0 16807 O 0 ' 0 633 243 -633
16807 0 0 3368 550 10104 307
7448 8030 -8030 —1650 12506 -18942 6314 18942
3212 -3519 3487 825 i 6314 9503 -3157 —9471
3212 3487 -3519 -825 | 18042 —28413 9503 28413
1100 -1375 1375 793 6314 9471 -3157 —9439
5122 0 0 0 512
0 512 0 512 0 243 825 —330
0 11664
0 0 32 0 0 47, 48, 0 -32 110
5184 0
0 512 0 512 0 0 0 243
512 0 0 0 512
32 550 770 220
16807 0 0
0 243 -385 1155
5613 32 0 50.
0 0 -32 825
11226 -33678 —16807
0O 0 0 243
- 1 484 —1452 4356 10890
32 -1100 440 -880
0 243 —-726 2178 5445
0 243 -110 220
2.l o0 o 1 726 1815
0 0 -32 0
0 0 0 243 605
O 0 0 -3
_ o0 o0 o0 1

61. a. False b. Falsec. Falsed. True e. Falsef. True g. False h. True . Traej. False.
6.4 Exercises

We provide the answers for e”*. To get e?, just replace t with 1.
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72

—8e2 + Qg5 _12e2t 4 12e 7t
6e2t — ge~t Qg2 — gt

4 _Zy 7 o3t 7 7 24
——€e 3 + €3 —?e 3 +?e3
5 2 5
7 A~ 2t 4 5t
Ze 3'_4p73
3e 3e

5t _ 4,2t 4,5t 6 -2t , 1,4t _ 61 45t
e 7€+ 7€ 7€ +9e 636

0 e—Zt _%e—Zt + %e—4t
0 0 e~
e —3e% +3e 15e” - 15e¥ e 15e% 4 ek h
0 et —5e2t 4 53t —Lle2 4 5ed — Lek
0 0 eSt eSt _ e4t
0 0 0 et
_e3t + 2e—5t eSt _ e—5t eSt _ e—5t

_e3t + e7t e3t _ e7t e3t
36 a2t 22 a3t 39 a4t 2 a3t 2 a4t 36 a2t , 12 o-3t , 48 a4t
5e 35e 7e 7e 7e 5e +35e + 7e
42 02t 99 a3t 39 a4t 9 a3t 2 a4t 42 a2t , 54 a3t , 48 adt
5e 35e 7e 7e 7e 5e +35e + 7e

31 a2t 22 43t _ 39 n4t 2,8t 24t _ 3142t 12 43t 48 A4t
5 © 35 © 7 €7 7€ 7€ A

e t—2e3 2et_2e3t 2pt_ g3t
3e 3t _3e# 3e3t_ et 3p3t_ 34
—3et+3eM —2et42ei _2ety 3e

Bett —5e™t et _2e’t et 4 4e't
—5e4 4 5e’ et 4 et 4ed — 4ot
Sedt _5e’t  Deit _ 2t _3p4 4 4e't

4e~2t — 4% _3e2 4 4e% _4e 2t 4 4ot
—2e 2t 1 2% Dp-2t _2ed% 32t _ Dp
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10.

11.

12.

13.

14.

15.

16.

17.

se "+ et 0 0 —se "ty Le
0 Fe T+ 2et —le Ty le™ 0
0 —Ze 4 Ze le Tty le™ 0
—>e "t et 0 0 set+ el
e5t 9e2t _ 983t 3e3t _ 3e5t 9e2t _ 9e3t ]
_e—3t + eSt _e2t + 2e—3t 3e—3t _ 3e5t _e2t + e—3t
0 32 — 3e%t et 32t — 3e%t
efst _ e5t 262t _ 2673t _3efSt + 3e5t 262t _ e73t

—12e72t 4 8e3t 4 He4t
Be 2t — 4e3t — et
—6e72t + 4e3 + 2e4

—15e72t 4 10e3t + 5e#
8e2t _ g3t _ Dp4t
—Te 2 4+ 5e3t + 2e™

15e2t — 10e3t — He#t
—Te 2t + 53t + 2e™
8e2t — 5gdt _ De4t

4e~2t _ et Se—2t _ Gedt —5e—2t 4 et
—3e? + 4e5t _@e2t 4 geSt 2e2t 25t Ge2t — g Ot
202t _ D5t 4ot _3e5t  _p2t @5t 32t} 35t
—6e?t + pe Ot Qe 4 Qe 5t 42t _ 35t Qg2 _ Q-
202t _ D5t 32t _3eBt  _p2t 4 g5t _Da2l} 3p-5t
ladt 1 la4t_ 1 |
S8+ 5 0 0 0 5 € 5
Ladt, 1 Ladt _ 1
0 Set+ 5 0 € > 0
0 0 et 0 0
L4t _ 1 A4t 1
0 > € > 0 S8+ 5 0
ladt _ 1 dadt, 1
5 5 0 0 0 e+ 5 A

1,6t 1,6t _ 3,6t 36t
2e +2e 4e +4e

_ 16t 16t 1,6t 146t
3e +3e >+ €

6 q3t
- €

-2t _ 2 -2t 2 A3t
0 e cet+ce
0 0 edt
et 0 0
%eZI + %e—ﬁ e2t 0
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6e 2t — 6et
—3e2 + et
3e72 — 3e3t
—2e7% 4+ 33t
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o2 a2 _pgdt _ 142t 1453t _ 42t 43t |
5 5 5 5
18 O e3t %e—Zt _ %eSt —%G_Zt + %eiﬁ
0 0 e —3e2 4 3edt
0 0 0 g3t
e—2t 4e—2t _ 4e3t _%e—Zt + %eSt 1?6e—2t _ 1?6e3t
19 O e3t %e—Zt _ %eSt _%e—Zt + %e3t
0 0 g2 0
0 0 0 g2
[ et _2eti2e% Gel—6edt —18et+ 18e3t —45e! 4 4503 |
0 edt 3e' —3e¥ —Qe'+9ed Dty Ded
20. 0 0 et —3et+3e¥ ety Le
0 0 0 edt —2el+ 2e¥
0 0 0 0 et
6.5 Exercises
1. a (V)g = (-3,7,-10) and (V) = (3,8/3,4/3). b. The rrefs contained I5 on the left side.
-2 1 1
4 2
C.Cpp/ = 3 0 3
1 2
2. a.(V); = (4,-3,6,33/2) and (V) = (5,3,-7/2,15/2). b. The rrefs contained I, on the left
side. B _
1 2 -3 2
0O 1 1 0O
c.C =
BA! 11 1 4
0 2 -6 3
3. aTEW) = —%«0,—1, 1)) + 15((1,-1,1)) — 23((1,2,1)) = (~8,~73/2,~65/2)
-1 4 -3 3
5 7 13
b.M=| "2 "2 2 °
217 _1
2 2 2 1
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A B = {Vi,VsVa} = {(=3,1,6,-5),(4,2,~4,~4),(1,4,7,3)}
b. B/ = {(1,0,0,7),(0,1,0,-8),(0,0,1,4)}

C. (18,4,-24,-2) = —2(-3,1,6,-5) + 3(4, 2,~4,4)

d. (18,4,-24,-2) = 18(1,0,0,7) + 4(0,1,0,-8) — 24(0,0,1,4)

—3 4 18
e.Cow=| 1 2 4
6 -4 —24

—3 4 18 ) 18

£l 1 2 4 3 |=| 4

6 -4 —24 0 24

. a.B={V1,VoVs3} = {(3,1,6,-5),(4,2,~4,~4),(1,4,7,3)}
b. B/ = {(1,0,0,7),(0,1,0,-8),(0,0,1,4)}
C.(-10,-3,1,-42) = 5(-3,1,6,-5) + 2(4,2,-4,-4) — 3(1,4,7,3)
d. (-10,-3,1,-42) = —10(1,0,0,7) — 3(0,1,0,-8) + 1(0,0, 1, 4)
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3 2 -1
-1 -2 2
-9 9 0
1 13 -5
3 5 ]
2 2
0 4
9 19
2 2 |

4 3 1 | . 1]
-3 1 0 16 .
. a. 7 = . Decoding:
-5 -2 4 -39
-10
0 -1 -2 13
T(V) = -1(1,0,1,2) + 16(0,1,1,-1) — 39(0,0,2,1) + 13(0,0,0,-1) = (-1,16,-63,-70).
1 000 4 3 1 -1
01 00 31 0 1o
b. [T] = 0 11
1 1 2 0 -5 -2 4
-1 21
2 -1 1 -1 0 -1 -2
6 -3 -1 -3 -29
.a|l -2 1 0 7 = 13 |. Decoding, we get:
-7 2 4 -10 -5
T(V) = —29(1,0,-1) + 13(1,1,2) - 5(0,1,1) = (-16,8,50).
-1
1 10 6 -3 -1 1 10
b.[T] = 0 11 -2 1 0 0 11 =
-1 21 -7 2 4 -1 21
_ . 3
7 3 1 4 26 2
cal -1 -4 0 3 |=| 8 |b 6%
3 5 -2 7 ~17 7 .31 _
2

75



-3 4 1

e.Cpp = 1 2 4
6 4 7
-3 4 1 5 -10
f 1 2 4 2 = -3
6 -4 7 -3 1

9. a B = {Vi,V2,V3} = {(-3,12,5,2,-2),(1,-4,4,3,-4),(4,-16,-6,-4,18)}
b. B’ = {(1,-4,0,0,3),(0,0,1,0,5),(0,0,0,1,-9)}
For (c) and (d), there are no vectors from S which are not in B.
-3 1 4
e. CB,B/ = 5 4 _6
2 3 -4
10. a.B = {V1, V2, V3 } = {(-3,-4,-2,9,1,1),(1,2,4,9,11,-11),(4,3,5,16,1,8)}
b. B’ = {(1,0,0,3,-5,9),(0,1,0,-7,2,-6),(0,0,1,5,3,-2)}
C.
(—21,-36,-26,59,-45,79) = 8(-3,-4,-2,9,1,1) — 5(1,2,4,9,11,-11) + 2(4,3,5,16,1,8)
(-20,-37,-23,84,-43,88) = 9(-3,-4,-2,9,1,1) - 5(1,2,4,9,11,-11) + 3(4,3,5,16,1,8)
d.
(-21,-36,-26,59,-45,79) = -21(1,0,0,3,-5,9) — 36(0,1,0,-7,2,-6) — 26(0,0,1,5,3,-2)
(-20,-37,-23,84,-43,88) = -20(1,0,0,3,-5,9) - 37(0,1,0,-7,2,-6) — 23(0,0,1,5,3,-2

31 4
e.Cop=| -4 2 3
245
31 4 8 —21
f| -4 23 5 |=| -36
245 2 26
314 9 20
4 23 5 |=| -37
245 3 23

11. a.B = {\71,V2,\74,V5} =

{(-5,3,-3,2,-14,-4),(3,-4,-7,-5,-21,7),(2,-1,2,0,11,2),{-1,2,5,3,17,-8) }

b. B’ = {(1,0,3,0,7,0),(0,1,4,0,3,0),(0,0,0,1,6,0),(0,0,0,0,0,1)

c.(-21,17,5,16,0,—26) = 3(-5,3,-3,2,~14,~4) — 2(3,~4,~7,-5,-21,7)

d. (-21.17,5.16,0,~26) = —21(1,0,3,0.7,0) + 170, 1, 4,0,3,0)
+16(0,0.0,1.6,0) — 26(0,0.0,0.0,1)
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12.

13.

[ 5 3 2 -1 |

3 4 -1 2

e T

47 2 -8
53 2 1 | 3 | [ 21 ]
s a2 2 | |
2 5 0 3 0 16
4 7 2 -8 0 26

a.B= {V1,V2, V4, V5 } =

{(-4,-5,-1,3,7,1),(2,3,-1,-1,-8,9),(~1,0,-4,2,2,1),(3,2,6,-5,—4,-12)}
b. B’ = {(1,0,4,0,0,9),(0,1,-3,0,0,-6),(0,0,0,1,0,7),(0,0,0,0,1,-2)}
c.(-2,-1,-5,3,-10,29) = 2(—4,-5,-1,3,7,1) + 3(2,3,-1,-1,-8,9)
d. (-2,-1,-5,3,-10,29) = —2(1,0,4,0,0,9) — (0,1,-3,0,0,-6)
B +3(0,0,0,1,0,7) - 10(0,0,0,0,1,~2)
4 2 -1 3
5 3 0 2
e.C =
5.8/ 3 -1 2 -5
7 8 2 -4
4 2 -1 3 2 )
. 5 3 0 2 3 | | 1
1 3 -1 2 -5 0 3
7 8 2 -4 0 ~10
a.B = {V1, V2, V3 } = {(-3,1,4,-21,-20),(-4,2,3,-36,-37),(—2,4,5,—-26,-23)}
b. B/ = {(1,0,0,8,9),(0,1,0,-5,-5),(0,0,1,2,3)}
c.(9,9,16,59,84) = 3(-3,1,4,-21,-20) — 7(—4,2,3,-36,-37) + 5(-2,4,5,—26,—23)

(1,11,1,-45,-43) = —5(-3,1,4,-21,-20) + 2(-4,2,3,-36,-37) + 3(-2,4,5,-26,-23)
(1,-11,8,79,88) = 9(-3,1,4,-21,-20) — 6(—4,2,3,-36,-37) — 2(-2,4,5,-26,-23)

d. (9,9,16,59,84) = 9(1,0,0,8,9) + 90, 1,0,-5,-5) + 16(0,0, 1, 2, 3)
(1,11,1,-45,-43) = (1,0,0,8,9) + 11(0,1,0,-5,-5) + (0,0,1,2, 3)

(1,-11,8,79,88) = (1,0,0,8,9) — 11(0, 1,0,-5,-5) + 8(0,0, 1, 2, 3)

3 4 -2
e.Cop=| 1 2 4
4 3 5
3 4 -2 3 9
fl 1 2 4 7 |=] 9
4 3 5 5 16
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[ 3 4 2 |[ 5 ]
1 2 4
4 3 5
3 4 2 ][ o |
1 2 4 6
4 3 5 )
14, a B = {V1, Vs, Vg, Va} =
{(~4,-5,3,19,2,-8),(-8,1,
b. B/ = £(1,0,0,5,0,8),(0, 1,

c. (8,7,-10,-32,-8,-57) = 5
+

e. CB’B/ =

4 -8
5 -1
3 2
2 3

6.6 Exercises

1. a (W), = (-11,6,9yand (V)5 = (3,0,2). ¢. Cggs =

2. a. (V)g = (2,4,1,-5)and (V) = (5,-3,16,~70). C. Cyp =

2
0
(

4 8 2 7
5.1 2 3
3 2 -1 -4
2 3 0 -5
2> 7 [ s
2 3 4
1 -4 9
0 -5 6

—4,
9(2,

-2
—6

11

-11

,0

-5

8,3,-26),(2,2,-1,-5,0,15),(7,3,-4,5,-5,-8)}

3,(0,0,1,3,0,7),(0,0,0,0,1,9)}
,3,19,2,-8) + 4(-8,-1,2,-28,3,-26)
2,-1,-5,0,15) + 6(7,3,-4,5,-5,-8)

d. (8,7,-10,-32,-8,-57) = §(1,0,0,5,0,8) + 7(0,1,0,-6,0, 3)
~10(0,0,1,3,0,7) - 8(0,0,0,0,1,9)

[
| wl- w|- wls

0
1

0

1 2 5 2 |
1 -1 -1 o0
4 6 14 6
19 —27 —64 28

3. a T(V) = 27(x — x2) — 49(1 + X) + 38(2 — X2) = 27 — 22X — 65x2

b. [T]gg =

78

2 17 26 18
7 29 19

7 5 o U
3

7 5 —o 13
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2 3 2 |
4. a. T(V) = 27 + 36X — 169x2 + 144x3. b. [T]. = 3 2 6
o P s 14 -6 19
10 8 -16
111 -1 1 2
5. aT(W) =-21+29%-29%2 b.[Bl;=| 0 -1 1 |and[Blg'=| 1 -1 -1
110 1 0 -1
31 4 T T 7
c.[T]g = 2 2 -3 | edet(T)=-7fYes.[T],=| -2 -2 -2
82 434
6. a T(V) = 116 — 63x + 27x* + 19x°. B _
1 2 5 2 0 0 0 -1
1 -1 -10 0 0 1 0
b. [B]. = and [B]:! =
[Bls o 1 0 0 [B]s 0 -1 -1 —1
-1 0 0 0 i 5 23
9 57 33 33
c. [T]s = 2 2 2 d. det(T) = 0. e. No.
2 -11 -5 -12
2 3 -1 010
7.a[Dlg=| -2 =3 1 |b.[Dls=| 0 0 2 |c.det(T)=0.d. No.
0 -1 1 000
0 O 0 O B 0100 ]
-3 0 0 O 0020
8. a.[D]g = 3 2 0 0 b. [D]g = 000 3 c. det(T) = 0. d. No.
2 9 _1
4 5 —5 0 | 0000 |

9. a. The members of B/ are non-zero, non-parallel linear combinations of sin(x) and cos(x).

o | B e T, = 5433 —AV3 -6 1 eT) = 2
1 J3 43 +6 -11-3J3
Al 373 2/3+3 _
e. Yes; [T]; = 2 2 f. 0 -1
2/3-3 3+33 10
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g.det(D) = 1. h. Yes. [D!]; = [ 01 ]

-1 0
21 1 1
-2 1 0 2 4 4
10. a. [D]g = 0 2 2 | b.det(D)=-8 c.[D?'] = 0 _% _%
0O 0 -2 1
| 0 0 > |
6.7 Exercises
0 -5 -14
1. a[Tlg=| 0 3 -10 |b.det(T) =0;c.p(A) = A(A-3)(A—14)d. 1 = 0,3,14
0O 0 14

e. Eig(T,0) = Span({1}); Eig(T,3) = Span({-5 + 3x});
Eig(T,14) = Span({52 + 70x — 77x?})
f. [T]g = Diag(0,3,14), where B = {1,-5 + 3x,52 + 70x — 77x2).

45 -8 0
06 14 -24
2. a [Tl = b. det(T) = 9408; c.
00 14 27
00 0 28
P(A) = (L—4)(A - 6)(L— 14)(A — 28)
d. 1 = 4,6,14,28

e. Eig(T,4) = Span({1}); Eig(T,6) = Span({5+ 2x});
Eig(T,14) = Span({3 + 70x + 40x?});

Eig(T,28) = Span({-757 + 168x + 2376x? + 1232x3});
f. [T]g = Diag(4,6,14,28), where

B = {1,5+ 2,3 + 70x + 40x?,—757 + 168X + 2376x2 + 1232x3}.

3. a [Tl = [ 2 _g ] b. det(T) = 25; c. p(A) = A2 + 25

d. The eigenvalues are imaginary, so . . . e. there are no eigenvectors for T, and
consequently, . . .
f. T is not diagonalizable.

-1 00
4. a.[Dlg=| 0 2 0 |[b.det(D)=-10; c.p(A) = (A+1)(A—-2)(A—5)
0 05
d. A =-1,2,5; f. Eig(D,-1) = Span({e*}); Eig(D,2) = Span({e?});

Eig(D,5) = Span({e>});
0. [D]; is already diagonal, so it is diagonalizable.
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a. [Dlg

310
0 3 2
0 03

e. Eig(D,3) = Span({e*}) f. D is not diagonalizable.
a. A = —1 for both sin(x) and cos(x). b. The eigenvalue of e* is 12. c. e¥** d. -A2

e. It has the same eigenvalue, —A2. f. The common eigenvalue is 1.

[T]g = Diag(5,-1,4), where B = {1,1 - 3x,3 + 6x + 5x?}

[T]s

32 1
-5 0 -1
01 -1

4 00
0 -7 0
0 03

1
12

5

5

12

1

4

1
4
1

4

1
6
1
6

5
6

There are 366 equivalence classes, includi_ng February 29.

b. det(D) = 27; c.p(x) = (A1 -3)%d. A =3

_67

12
)

12

_25

6

23

4
17
4

_9

2

-
\‘

W G0 cn‘
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Chapter Seven Exercises

7.1 Exercises

9. -46 10. —-22/5 11. 16 12. —-276 13. 22 14. —72 15. 38 16. —10,892 17.
1/2 18. 0

19. r(x) = X+ 1) (x—=1)(x—2)(x—4) or any scalar multiple thereof.

20. No. 21. No. 22. Yes. 23. —z/4 30. b. removable discontinuity

31. a. Further hint: since the series > an converges, the terms a, must converge to 0, so
therefore if n is large enough, |an| < 1. c. (use geometric series formula) 1/5; d. -1/16.

7.2 Exercises

1. J279; +i/J/279 2. J/341; #i//341 3. J131; +/J/131 4. J354; +p(x)/J/354 5.
J1802; +p(x)//1802

6. 0 = cos(312//8051 ) and d(Ui,V) = V8 7. 0 = cos*(16//17510 ) and
d(U,v) = /241

8. 0 = cos(11/15) and d(U,V) = /65 9. 0 = cos1(-298/,/131,334 ) and
d(t,v) = 1321

10. 0 = cos (-10892//120816920 ) and d(Ui,V) = /47290

11. 8//15; 12.cos(9) = 2/{yn% -4, s0 0 = 0.6 radians; 13. 49x? + 25y2 = 1 is an ellipse
(left, below):

4 4 4 4 4 4 4 4 4 4
+ + + + + +
-0. 128.1-0.07%0[?2()5.(1:5) 0.026.050.076.1 0.125 -1 0 125 25 37 5 6.25,

-005T
-0.075 T
017
-0.125 T
-015T
-0175 T

2
14. Z—g + % = 1is an ellipse (above, right).

15. 4x? +y2 + 2522 = 1is an ellipsoid with vertices (+1/2,0,0), (0,+1,0), (0,0,+1/5)

16. J7342
17. No. 19 > 15, so the conditions violate the Cauchy-Schwarz Inequality. 18. ||U] = 13 and

IVl = 5.
37. You get an isosceles triangle.
7.3 Exercises
1 1 1
1. < —(,1,-1), —(2,-1,1), —(0,1,1
{ 7 ( ) G ( ) 7 ( >}
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2. {-L101),-L¢111),-Lq 1}
{ﬁ< ) < ) J‘< )
_1 L - di
3. {m<ll -1), m@ -1,1), m(O,B,S)},dlfferentanswer.
1 1 67— 1 _ - di
4. {ﬁ<11 -1), J5§3_1< ,—8), W(15,24, 20)}, different answer.
1 i
5. {ﬁ<ll -1), J§<2 -3,3),(1, 12)} different answer.
1 _1 l /cg_
6. {ﬁ<101> 7T (2,-1,0), J_<5,8, 11>}
1 _ 1 ;5 _q_ _1 _1
7. {2< 1,1, 1> <5 ,—3,3), J3_<714 -2,-9), J_<1243>}
1 1 _1 3y 1
8. {ﬁa -1,0,1), <12 -3,1), J_<74 3>’3ﬁ<1'2’2'3>}
_1 5 _ _90.— 1
9. {ma -1,1,-1), W(lg, ,9,9),m<33,264, 90,-67), J3_<3,24,16
1 _1
10. {JH<1 -1,0,1), J_<110 -11,1), JT<575418 -29), JO_<32486>}
different answer.
1 X2, 2 12
11. {m 6J_ (7x< + 17x), (x +X— 2)}
1 2 2 _7y L a2 _
12. { 20 (xc+1), @(SX +15x - 7), m(4x + 2X 9)}
13. {/5x?, /3 (5x2 — 4x),10x?* — 12x + 3}
1 1 2 —9) L- di
14. {ﬁ m(3x+1) Jl_(YX + 8x 9)},dlfferentanswer.
15. {J7x% 5 (6x2 — 7x%), y3 (21x® — 30x? + 10x), -35x® + 60x2 — 30x + 4 }
16. (U)s = (-43,3/6/2,-3J2/2), and (V) = (-243,-6/2,13/2/2)
-~ _ /.3 5 7 _/ 5 16 __1
H <“>S‘<ﬁ’ ek J€>’a”d”5 <ﬁ’ﬁ’ JE>
-~ _/__15 39 __ 45 _/__11 25 195
o @ (B B ) (B B S
19. (@), = <11ﬁ %J58_1 18032 J1245 > and (V) = <12J‘,—%JW,—%,/1245>

oy - (.1 12 _ _(_12 _ 34
20. <u>s—<£,£,3>,and<v>s <£, 5,13

- _/ 5 16 7 _ /15 59 1
2 <“>S‘< 72 T m>a”dms <ﬁ’ Iz

o _/ 1 3 145 -5 17 -3 20 20
22. <U>S_< 2/11 ' 330’m> and (Vs 2 ' 2J/11 " /330 m>

2
23. (U = (—%53,4Lv15, 42 /10,-Ly2), and
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_[4 =7 _23 32 _2
<V>S‘<31£/§’ 151J81_5’15m68§»ﬁ> -
24, (W), = <gm ,@,/2198, 2088 125286,—% 399 > and
WV)g = <Hm’m 2198, ~ o /125286, o 399>

< 18 114 1506 84 \ .o
Ji1 ' /473 ' /21930 ° 1020 /'
@, - < 4 249 1932 48

JIT' /473 7 /21930~ /1020
26. (U), = (-564/17/17,-3J17/17,5), and (V); = (73J17/17,-48/17/17,4)

= _ [ =18 36 6 _ 82 184 117
27'<“>S‘<m’m’m>’a”dms <mmm>
28. @) = (5545, 53.-3 ) and @) = (-§5-45.43.-)
29, <U>s=<_22 44 _-18 >’and<v>8= ‘/%,?/14_322,‘/%

= _ /461 5 29 _3

_ /433 11 1
<v>sz‘ < 1470 f"ﬁf"mﬁ’ﬂ ,
31. a. [ " sin(x)cos(x)dx = joﬂ sin(2x) cos(x)dx = joﬂ sin(2x) sin(x)dx = 0,
IOH sin2(2x)dx = ji" sin(x)dx = fé” cos2(x)dx = 7

1 1 1 oy — _
b. {ﬁ sm(x),ﬁcos(x),ﬁsm(ZX)} c. (U)s = Jm(2,7,-3), and
WV)s = V7 (5,-2,1)

32. Bis linearly dependent, because Wj is in the Span of {W, Wy }.

34, p(x) = Xx+3)(x—=1),q(x) = x+3)(x—4), r(x) = (x—1)(x—4) is a possible answer.
7.4 Exercises

1. {(1,-1,1)} 2. {(1,1,0),(-3,0,1)} 3. {(15,-12,20)} 4. {(5,4,0),(-3,0,2)}

5. {(1,0,1,0),(-1,-2,0,1)} 6. {(3,0,4,0),(=3,-24,0,2)} 7. {(-9,-24,-8,2)} 8.

{(2,3,-3)}
9. {(3,5,0),¢1,0,1)} 10. {7x?+17x,-5x2 +17} 11. {5x*>+7x—-9}

12. {224 + 888x — 251x?,414 — 3827x + 251x3} 13. {1 -5x,8 — 5x?,7 — 5x3}
14, {25x? — 17x,50x% — 17}

15. for W : {L<1,1,—1>,L6<2,—1,1>}; for W+ {L<o,1,1>}

J3 J6 J2
)1 . o)1 1 _
16. for W : {ﬁ<1,0,1>},f0rw { ,/§< 1,1,1), J€<1'2’ 1>}

P N 1y k- 131 n 1
17. forw : %ﬁ 1,1, 1)},forW .{m@ 1,1), m(0,3,5>}

o 1 e 7 ol L 1 _
18. forw : ﬁ<l’1’ 1), J%_1<6, 7 8>},forW .{mas,m, 2o>}
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19

2

o

2

e

22.

23.

24.
25.
26.

27.

28.

2

©

30.

for W : {L<1,o,1>,L<2,—1,0>}; for W* : {L<—5,8,—11>}

J2 JIT J22
1. g 1 e 4 .
for W : {2<1, 1,1,-1), Wi (5,-1, 3,3)},for
L. 1 9 gy 1
W .{ma,m, 2,-9), m<1,2,4,3>}

for W : {%(1,—1,0,1)}; for

o)1 o 1 3y 1 .
W+ { 1,2,-3,1), 3710 (7,4,4,-3), 3./2 ( 1,2,2,3>}

JI5 J10 J2
for w : {ﬁa,—m,—u, Jziﬁ <19,—5,—9,9>,ﬁ@s,zm,—go,—m%;
for W {2Jé@ (3,24,16,6>}
for W : {ﬁxz}; for W+ : {ﬁ(?x2 + 17x),l(x2 +x—2)}
for W : {%(XZ +1), %(SXZ + 15% — 7)}; for W* : {%(4% +2x - 9)}

for W : {/5x2, /3 (5x2 — 4x) }; for W+ : {10x? — 12x + 3}
Start with {(5,~2,0),81,83}; for V : {L<5,—2,0>, L<2,5,0>,83};

J29 V29
)1 e . L)1 S
for W : {@<5’ 2,0)},forW .{m<2,5,0>,e3}

Start with {(5,-2,0),€1,83}; for vV : {(5,-2,0)/y/120 (1,2,0)/4/24 ,(0,0,1)/y2 };
for W : {(5,-2,0)/4120 }; for W+ : {(1,2,0)/y/24 ,(0,0,1)//2 }

Start with {(1,-1,0,1), (1,0,-3,1),€1,€2};

ForV : {(1,-1,0,1)/y/3 (1,2,-9,1)/,/87 ,(19,9,3,-10)//551 ,(0,3,1,3)//19 }
for W : {(1,-1,0,1)//3,(1,2,-9,1)//87 }; for

w- @ {(19,9,3,-10)//551,(0,3,1,3)//19 }

Start with {(1,-1,0,1), (1,0,-3,1),€1,€>};

ForV:<—L1 (1,-1,0,1), —L_(1,10,-33,1), — (195,108, 12,~112),
11 2 /59865

JiI J3377 /5098
1 (-97825,115898,57 222, 84533)
J104409309290
forW:<4—L (1-1,01) —L_(1,10,-33,1) % for W+ :
{Fra-r0nFan-nn)
1 1
1 195108,12,-112), —97825,115898,57 222, 84533
2 /59865 < ) J104409309290 < >}
Start with {x2 + 5x,x2,1}: for V : 1 (x245x ,L X2 + X ,l X2+ X—=2)5;
{ > {m ( ) 7 ( ) 5 ( )

Selected Answers to the Exercises 85



forw: d -1 2450 b forwt s d L @), Lx24x-2 }
{m( )} {ﬁ( )5 ( )
31. Start with {x?> — 3x,x,1}; for V :

{ [10(x2 - 3x), [5 (15x% - 11x),10x? — 12x+3};

for W : {/1—$(x2—3x), /1—67(15x2—11x)}; for W* : {10x2 — 12x + 3}

33. Wi = (2,-5/2,5/2), and W = (0,-3/2,-3/2) 34. Wy = (5/2,0,5/2), and
, = (-11/2,5,11/2)

=l

35. Wy = —%(1,1,—1% and W, = %(13,—11,—1> 36. Wy = 2—12(—71,118,165>, and
W2 = —55(-5,8,-11)
H_LL_LL o _ /32 64 17 _ 49
37. W1‘<}11 1 11>"3‘”d""21 <211’111’3 11" 11>
38. \iVl = <§,—§ 2 §> and Wz = T,—§,7,—T> 2
40. Wi = —56x2/17, and W, = 39x2/17 +2Xx—-5 41. Wy = sz — 22X, and
Wy = —%x? +16x—4
7.5 Exercises
1. a (U|V) = -100; b. U] = 3V1L; c. [V] = ¥353; d. d(U,V) = 2,163
e. cos(f) = ——100__
3./11 /353
2. a (U|V) =-123; b. |[U]l = V38; c. V|| = V429; d. d(U,V) = /713
123
e. cos(0
©) =75 /i
3. a (U|V) =78; b. U]l =645; c. V| = J/305; d. d(U,V) = /329
13
e.cos(f) = —2—
4. a (U|V) = -212; b. |[U|| = ¥210; c. |V|| = V465 d. d(U,V) = /1099
212
e. cos(0 —L=<c
©) = /97650
5. a (U]V) = 318?6 b. [T = 115 J3245; ¢ V|| = 2,/_23 d. d(@,V) = % 105 ;
e.cos(0) = 193
/39054 - ~
9 _4 1 1
- ! 17 11 11 11 11
1 2 01 7073 4 3 _2 2
o 1 _1 11 11 ~ 11 11
3] 2 2 7 0 0O 8 1 2 5 5
o -1 1 14 4 11 11 11 11
i 2 2 | | 2 2 1 2 5 5
1T 11T T1r 1

86 Selected Answers to the Exercises



[ 1 1o 1 ] [ 2 1441 ]
3 3 0 3 3 3 0 3
11 45 _1 1 2 45 1
9. 3 3 3 10. 3 3 3
0O 0 0 O 0 0 10
1 _1 1 1 1 2
| 3 3 0 3 | 3 3 0 3 ]
11. One way is to apply Gram-Schmidt to {(3,5,0),(7,0,5)}; we get
58 15 3%
83 83 83
5 74 _21
83 83 83
3% 21 34
| 83 83 83 |
1 0 O
2. | 0 & 2
21. c.f(x) = =7x*+5x%2 -1, and g (x) = 8x> — 2x3 + 6x
7.6 Exercises
[ 87 1517 | | -en7 —1sn7 |,
1. is improper, while IS proper.
15/17  8/17 15/17  -8/17

20/29 -21/29 |. . . 20/29 -21/29 |.
2. is improper, while IS proper.
-21/29 -20/29 21/29  20/29

1 5 7 1
1 2 5 ] 2 2/11 /330 J30
J3 /6 11 14 2
3 L _l 1 (improper). 4 ° 2/I1 /330 /30
J3 6 V2 ] 1 __3 -2 4 ’
1 11 2 211 J330 30
J3 6 V2 1 3 -9 3
- N 2 2/ /330 30
(proper) N N
| —20/29 21/29 , | 15/17 -8/17 . /-
5 b.Q [ 21/29 20/29 ]andQ [ 817 15/17 ] c. Q is improper and Q' is
proper.
d. QQ’ = 45 132 | e. QQ’ is improper. f. Cgp/ = 45 132
493 493 493 493

g. Cg g is improper.
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6. There are 2" possible combinations. 7. There are n! such rearrangements.

1
159 {/z—bz

(-b, a, 0),

Ja2+b?

L__(-ac,-bc, a? + b2>}

nJd_1 1 , Ll
|){ (2.3,0), ——1=(-18,12,13), 2.3, 2,6)}

N

Note: other answers are possible in the following if the eigenspace has dimension 2 or

J13
7.7 Exercises
1. Qs proper.

bigger.
000
2.1 010
00 3

[ 100
3, 00
0 3

[ 100
4 020
0 2

[ 200
5.1 020
0 3
[ 5 0 o0
6 0 -5 0
0 10
[ 2-2 0
7. 0 2
0 0
100 |
8.1 010
00 4
400 |
9. | 040
00 7

88

1/J3 -1J2 1.6
1J3 0 -2//6
/3 UJ2 1.6

U2 U3 U6
0 -1J/3 2/J6
1y2 1J3 16
U3 U2 -UJE
13 0 2,6
1/Jy3 1Jy2 -1//6
[ _uyZ ug7 o
0 0 1
142 1J2 0
11 vz -usms us3
; 0 2//6 1J3
A 1/J2 -1J6 113
0 12 1UJy2 12
0 | =J212 0 V212
2+ 42 12 -1J2 172
[ 2 —uge U3 |
0 2J6 1J3
1y2 -1J6 113
2 -ufE U3
; 0 2J6 1J3
1y2 -1J6 113
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[ 100 UJ3 -1Uy2 16
10| o080 ;| Uy3 0o 26
008 U3 U2 -6
400 12 0 U2
1. | 050 | 0 1 0
006 U2 0 U2
7 0 o0 12 -1J6 1UJ3
12| 0-7 0o |; 0 26 UJ3
| 0 0 4 U2 -6 U3
[ 100 U2 1Uy2 0
13.] o010 | 0 0 1
| 005 12 Uz 0
5 0 0 0 || -uyz -um -2
w| 05 00 0 0 32
0 05 0 12 -1J6 -1/J12
| 0 0 0 -1 0 21J6  —1/J12
7 0 00 | | -uyz —upE —uy2
- 7 00 0 0 32
0 70 1/y2  -11J6 -1/J12
i 05 0 26 -1J12
4 000 || o -2 -uz w2
G| 0200 Uz U2 0 1R
0 000 0 -1/2 1/Jy2 112
0002 || wWZ 12 0 12
4000 || -uyZ o wuszZ o
L | 0400 0 -U2 0 U2
0060 0 U2 0 U2
0006 || w2 0o 12 0
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1/2
1/2
1/2
1/2

1/2
1/2
1/2
1/2
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18.

19.

20.

21.

22.

23.

24.
25.
26.
27.

90

7 00 0] vz o w2z
7 0 0 | 0 -2 0
3 0 | 0 UJ2 0
] 0 -3 Uz 0 U2
5 000 || -uyZ 0o 0o
0200 | 0 UJZ -UJ2
0 020 | 0 1UJ2 UJ2
0005 || w2 o 0 v
[ 5 0000 || -2 0 0
02000 0 U2 -UJS2
0 0200 [ 0o 0 0
0 0050 0 UJ2 12
00007 || wyZ o o
(60000 || o wZ o o
06000 U2 0 0 U2
00700 [ 0 0 1 o0
00080 U2 0 0 U2
| 00008 | 0 -1y2 0 0
[ 60000 | 0 U2 0 0
06000 U2 0 0 U2
00100 [ 0 0 1 o0
00080 U2 0 0 U2
00008 0 -1Uy2 0 0

0
1142
1/1J2
0
7]
0
0

J2
1/J2
0
0

0
112
1142
0
0
0
1142
1142
0
0
0

1142

o O » O O

There is exactly one different eigenvalue between the matrices in Exercise 21 and 22, but
the diagonalizing orthogonal matrix is the same for both. This is explained further in

Exercises 26 and 27.

a) Eigenvalues a + 2b, with multiplicity 1, and a — b, with multiplicity 2.

b) Eigenvalues a + 3b, with multiplicity 1, and a — b, with multiplicity 3.

a) Eigenvalues +c; and +c,. b) Eigenvalues +c;, all with multiplicity 1.

b) Eigenvalues +c1,+C>, ... £Cx_1, Ck, all with multiplicity 1, where k = (n + 1)/2.
b) Eigenvalues a + b, each with multiplicity n/2.
c) Eigenvalues a, with multiplicity 1, and a + b, each with multiplicity (n — 1)/2.
d) Eigenvalues b, with multiplicity 1, and a + b, each with multiplicity (n — 1)/2.
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-12 0

0

18

-15 0

0
0

1
—
o o 7__
©
o o
o o
4 o o 9§
o ?__ o o 8 o o o o
o o o o o o 9 o
Lo 1) (ee]
T e e o« e e Qoo Yoo
o I | | |
—
I re I I I
) @) ) @)
I [ | |
o) o To) Lo To)
o) .- Ty} Lo To)
™ |0 o™ |0 o |0 ™ |0
5 3_3 1_7 1_% 3_% 1_7 1_% 3_% 1_7 1_% 3_% 1_7
| |

-12 0

0
0

S
| o o | o
_ _ _ _ | 1_6 | —i|o 1“6 | o o o lo o o | 1_6 |
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39. Q =

40.

41.

42.

43.

44,

92

_%‘/@ 2905 8715 l_llm 385 2310
8_53‘/@ 8715m _2_32 22 2310 2310
%‘/@ 8715 8715 2_32 22 2310‘/m
0 105 8715 0 105 2310
42 0 0 O )
0 42 0 O
0 0 63 O
0 0 0 63 |
FA /B £I0 £20 | [ g
H VI A /B 00 520 | | o
1_11m 231 231 0 _%‘/_ ’ 0
0 LJ/231T 0 L /210 | 0
VI HIBT LM 570 | [ oo
—r V11 Zglﬂ V10 —55 /210 5_| 00
LT 2231 0 -AJ210 | 00
0 L /231 0 L /210 | 00
203‘/W 203‘/W %‘/_ 4_12‘/_ i 0
RN - N R N
25203 5 /1015 742 5 /210 0
0 L /1015 0 L /210 | 0
5_3;3‘/% 899 ‘/W 186 155 /434 %‘/_ i —63
5_78‘/% 899 55 V899 m@ _%‘/_ ‘D = 0
0 ﬁ‘/m 651‘/F Ll‘/_ 0
0 0 A/EE A7 0
_% 14 287 27 V074 _11148 J574 - ‘/_ 420 ‘/T
_%m 574 o4 164m %SJE ‘/m
1_14 14 574‘/m 1148 o4 115 15 420 210
0 Hm 574‘/m %‘/_5 %‘/m
0 0 ﬁm 0 <+ /210
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000 0
000 0
D= 000 0
0 005 O
000 O 56
7.8 Exercises
3 -1 6 2 10-30
1. Therrefof| -2 1 3 -2 |is| 0 1 -3 0 |, sothesystem isinconsistent.
5 -2 9 1 00 0 1
> 38 -15 0
C = —2 l ,CTC = ) Y = y ?1 = <O1_1’0>’
-15 6 -1
5 -2
the nullspace has basis {(3,3,1,0)},
1 T 7% 1
Ap=| -1 |=by[projw]l=| + % -+ | b-bi=| -1 |
2 S -1
the common error is /3. o B
1 1 -1 -2 10 10
1 -2 5 9 . 01-20 . :
2. The rref of is , S0 the system is inconsistent.
2 -1 4 5 00 0 1
2 1 0 4 00 0O
11
1 -2 . 10 -1 o 3 2 154 _ 185
C= ) 1 ,cc:[_1 ; ],x[_% Xy = (&, -380),
2 1
the nullspace has basis {(-1,2,1)}, : _
—& 19 14 5 27 &
524 97
&9 - -14 43 29 -9 > o o
I 69 _ . _ 1 . _ 69
AXl = % = bla [prOJW] - 69 5 29 34 18 ) b bl = _%98 )
41 27 -9 18 42 51
23 . | 3

the common error is %./66171 ~ 3.7281
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3 -15 6 2 28 1 5200
3. Therrefof | -2 10 4 -4 -26 is| 0 0 0 10 |
5 -25 -10 -1 13 0 0 0 01
3 2 966
38 9 . 39 .
C=| -2 4 ,CTC[ o 21 ],x s | X1 = (255,00, ),
5 -1 E
the nullspace has basis {(5,1,0,0),(2,0,1,0)},
e 233 —286 176
o _ - . _ 1
Ay = | 88 =, [projw] = =1| —286 548 104 |,
é%%L 176 104 653
1276
239
b - bl = % ’
_ 464
239
the common error is %‘/717 ~ 6.4981.
3 -2 19 4 38 10 5 00
4 -1 22 -3 5 . 01 -200 )
The rref of L 5 15 2 o8 is 000 10 , SO the system is
1 2 1 4 2 00 0 01
incongistent. _
3 -2 4
W 1 s 27 -13 2 T
C= ,C'C=| -13 34 13 [ X=| -3¢
1.5 2 54801
L 2 4 2 13 45 RS

94

Vi 7 34762
X1 = < 1

98068 (i‘ 54801

519626
14165

72713
14165

83100
2833

11566
2833 |
18644
14165

1888
14165

3776
2833

5900
2833

AXy

4165 ' 14165_' ' 14165

—

= by, [projw] =

, the common error is

1
28330

>, the nullspace has basis {(-5,2,1,0)},

22089
632
-6320
9875

632 -6320
28266 640
640 21930

—-1000 10000

25 /28330 ~ 2.8043.
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4 -3 1 11 1000
-2 0 -5 -9 0100
5. The rref of 3 1 2 5 is| 0010
-1 5 7 0001
0 3 —4 0 00O
4 3 1 |
-2 0 -5 30 -14 14
C= 3 1 2 |[,CC=| -14 44 35
-1 5 6 14 35 70
0 3 2
the mﬁlspace IS {64},_ so X1 is a unique solution,
123897
9793
Ay = igiif = by,
_ 56487
9793
_ 40354
L 9793 |
11288 -5998 5510 -4666
-5998 13400 1934 -5818
[projw] = 5oz | 5510 1934 13659 301
-4666 -5818 391 13731
—2358 3054 6834 4962

_ 16174
9793

13938
9793

x|

—2358
3054
6834
4962
6680

, SO the system is inconsistent.

1991
1399

2804
1399

9265
9793

[ 52 , the common error is 2= +/18636079 ~ 2.6449.

12064

9793

1182

L 9793

7 -4
: . 58 -28
9.C=| 3 0 (other choices are possible), so CTC = g 25 | and

Selected Answers to the Exerc

ises

95



65 21 6

7 -4 -1 —37
oroin] = | 3 o 58 28 730 | | 2 .
! 28 25 40 3 ™o
0 3 % 5
7.9 Exercises
| t5 Es | B2 || 25 25 [ 5o
£J5 545 0 LiJ5 <5 5 0 V5
%ﬁ _%‘/7 B 1
V2 -1y2
3] 0 &2 o 1m0 |*
RC R
— 9 - -
ﬁ‘/ﬁ — 882 682
0  LJ/&82 JIT -2/
9
—ﬁ‘/ﬁ @./682 0 ﬁ 682
3 3
i H‘/H m./682
R R NN
50 0 22 -1 | 0 32 1s2
2 5
| 22 2 5 o 0 3
JT 9/682 4342418 | _ _
11 682 2418 2J11 411
0 J682 2,/2418 ‘/H 11 11
6 31 403 0 682 25./682
' JII  9/682 19,/2418 11 682
11 682 2418 0 0 J2418
3/IT  3/682 42418 B 62 |
L 11 341 - 1209 | L _
J1T 9,/682 43,/2418 J39 2J11 8J11
11 T 682 2418 39 ‘/H 11 11
0 J682 22418 J39 0 /682 25,682 8,682
7 31 403 13 11 341
' JiT 9.,/682 197418 5/39 J2418 107418
T 682 2418 T 39 0 0 1209
3J/11 3.,/682 4./2418 239 0 0 5/39
|1 341 1209 39 | 39 |
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7 J23T 4433
7T 33 _ _
2J231 J33 4J7 47
0 5% = JT — —
8 J7 B 33 0 JBL 4z
' T 77 22 7 77
J7 4231 7J33 0 0 2/33
7 231 66 | 1m
2/7  J31 /33
B 7 231 66 |
47 J231 4433 /30 —
7T 33 10 ﬁ a7 a7 47
0 2J231 J33 J30 7 7 7
33 2 60 g JBL 4B 16/31
9 J7 J231 J33 J30 7 77 231
' T 77 22 T 20 0 0 233 /3@
J7 4231 7J33 J30 11 11
7 231 T 66 12 0 0 0 30
2J7  JZ31 /33 7./30 L 3 _
|7 231 66 60 |
We will show in the answers below only the QR-decomposition of C, the matrix
conS|st|ng of the linearly independent columns of A, and how to obtain the unique solution
X = lQTb to the normal system. The rest of the solution is shown in the answers to 7.8:
3/38  7/114
38 114 15,38
10. C=| _J® & T
' 19 57 0 J114 '
5/38 JiTa 38
| 38 14|
® 5/ 338 3B 5/8 2
"33 38 38 T 19 38 9 _ 0 _
0 J114 7/14  4J114 J114 1
3 114 57 T 114 1
[ 0 umw |
10 690
11. C = ;
J10 4,690 0 /690 ’
5 T35 10
JIO  2/690
|5 115 a
-2
J10 /690 J10 J10 J10 J10 154
10 690 10 10 5 5 _ 69 _
0 J690 11./690 19,690 4/600 2,690 _ 185
69 690 690 345 115 69
97

Selected Answers to the Exercises

x|



3J38 49./27246
3 -15 -6 2 38 27246 /38 938
12. C = -2 10 4 -4 _ 38 6727246 38
19 13623 0 (27246
5 -25 -10 -1 5/38 83,2746 38
| 38 27246 |
J3  3J21288 3/38 /B 5,38 28
38 9082 38 19 38 26
0 J27246 4927246 67,/27246  83,27246
717 27246 13623 27246 13
J3 52247 3039./21219170 - _
3 2247 21219170 3 ﬁ 133 2/3
43 25/2247 140921219170 9 9
13. C = 9 6741 10609585 0 J2247 3772247
_ J3 122./2247 _ 1521219170 9 6741
9 6741 2121917 0 0 21219170
3 672247 40121219170 | 749 a
| 9 6741 4243834 a
J3 132247 _ 23721219170
9 6741 21219170
0 3/2247 37721219170 .
749 21219170
0 0 J21219170
| 28330 |
3 M3 _B 3
3 9 9 9
_ 5/2247 25,2247 122./2247 672247 .
2247 6741 6741 6741
303921219170 140921219170 15/21219170  401,21219170
| 21219170 10609585 2121917 4243834
38 34762
5 14165
_ 98068 -x
14165 1
-28
54801
2 14165
230  17,/8430 219./5503666
15 8430 5503666 _
_J30  7/8430 8525503666 m 7430 7430
15 4215 2751833 15 15
14. A=C = J30 648430 __ 579,/5503666 0 J8430 623,/8430
' 10 1405 2751833 15 8430
_ 30 34./8430 405./5503666 0 0 /5503666
30 4215 2751833 | 562
0 3,/8430 __ 745,/5503666
B 562 5503666
98
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/30 7880 795503666
30 8430 786238
0 JoB0 89,/5503666 .
562 786238
0 0 /5503666
B 9793
2/30 @ /30 B 0
15 15 10 30
178830 7/ 6/8430 34 /8430 38430
8430 4215 1405 4215 562
210,/5503666 8525503666 579,/5503666  405,5503666  745,/5500666
| " 5503666 2751833 2751833 2751833 5503666
11
1991
-9 1399
2804 2
S 1399 X
— 9265
7 9793
4
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