2.2 Rotations, Projections and
Reflections

Rotations in R?

A Vector v and rotg (\_/)),

its Counterclockwise Rotation by 0



Theorem: The function roty : R? > R? that takes a vector
v and rotates v counterclockwise by an angle of 6 about the
origin is a linear transformation, with:

cos(f) —sin(0) ]

[roty] = . .
sin(f) cos(0) :
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Basic Projections in R*

projx((x,y)) = (x,0).

pI/'ij(<X,y>) — <an>

Key Relationship:

V= (x,y)
= (x,0) +(0,y)
= projx(vV) + proj,(v)



) X 0 X 1
rojx(v) = = an
oo 0 0 0 y
N 0 0 X
projy(v) = =

[proj.] = i 0 i
_ . _
[projy] =
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Basic Reflections in R?

Y

=y

.
refl, (v)

> >
refl-(v) refl.(v)

A Vector v and its Three Basic Reflections in R2.
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refl,

, and
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—
v e — proj. (V) proj, (V)
proj, (v)

. % . %
proj. (v) proj, (v)

—
v

. >
— proj, (V)

The Geometric Relationships Among

v, proj.(v), Drojy V), refl(v) and refl, )

refl,(v) = proj,(v) — projy(w_}), and
refl,(v) = proj,(v) — proj.(v).



General Projections and Reflections in R*

. -
proj,-(v)

v

o \ijt (7)
y

>
i (3) N L
proj, (v)\~ P (v)

x

The Projections of v Onto a Line L and its Orthogonal

Complement L*, and the Reflection of vV Across L.
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Basic Projections in R’

proj«((x,y,2)) = (x,0,0)
pI/'ij(<)C,y,Z>) — <09y90>
proj:({x,y,2)) = 0,0,z)

pI’ijy(<X,y,Z>) — <X,y,0>
proj=((x,y,2)) = x,0,2)
pI/'ijZ(<X,y,Z>) = <O,y,Z>
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V= (X,,2)
= (x,0,0)+(0,y,z)

— pI/'ij(<)C,y,Z>) +pr0jyz(<x,y,z>),
V= (x,»,2)

= (0,y,0) + (x,0,z)

= projy((x,y,2)) + proj({x,y,z)), and
V= (x,»,2)

= (0,0,z) + (x,»,0)

— pI/'OjZ(<X,)/,Z>) +pr0jxy(<x,y,z>)
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' 4
=<xly z~>

<|

proj. (v)=<0,0,z>

Yy
X | Py v)=<x,0>

The Relationships Among v, proj,.,(v) and proj.(v).

refley ((x,y,2)) = (X,¥,—2)
= (x,,0)—(0,0,z)
= projx((x,y,2)) — proj-({x,,z)).
refl-((x,y,z)) = proj:(x,y,z)) — projo((x,y,2))
=(0,0,z) = (x,»,0)
= (=X,—),Z).
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The Basic Reflection Operators:

reﬂx(<x,y,z>) — <)C,—y,—Z>
reﬂy(<x,y,z>) = <—)C,y,—Z>
reﬂz(<x,y,z>) — <—X,—)/,Z>

reﬂxy(<x,y,z>) = <)C,y,—Z>
reﬂxz(<x,y,z>) — <)C,—y,Z>
reﬂyz(<x,y,z>) — <—X,y,Z>

reﬂ53 (<X,y,Z>) — <—X,—)/,—Z>



General Projections and Reflections in R>

v proj . (v) proj . (V)
I v
Froin (V) \P”’fﬁ) %\p"’fﬁ)

We need the decomposition:

v = proju(¥) + proj.(v),

where projri(v) € I1 and proj;(¥) € L.
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General Principle:

If Vv = projw(V) + projw-(¥), then:

reflw(V) = projw(V) — projw- (V)

For planes I'T and lines L through the origin:

refln(v) = projn(v) — proj;(v), and
refl(v) = proj.(v) — projn(v).
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