5.2 A General Determinant Formula

Definition: Let A be an 7 x n matrix with entry 4;; in row i,
column 7, as usual. Then:

S?’l(G)'élaG e d) g o« cee o
det(A) = Z g Lo(1) * 42,6(2)

a,— —1) * 4
all permutations n-Lo(z-1) 7,0 (1)

ocof{1,2,...,n}
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Example:

T a1,302,503,404,1057.

a1l di2 |di13l di4 dis

a1 d22 d23 d24 |(d25

asz1 d3p d4dsz3 |d34] d35

41| Q42 Q43 A44 445

ds1 |ds52| ds3 ds4 dAs5

More generally, every term contains exactly one factor from each
row, and from each column.
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Basic Properties of det(A)

Theorem: Let A be an n x n matrix with a row of zeroes. Then

det(4) = 0.
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An Approach by Columns

Example:

— a1302,503,404,1A52.

ail di2 |di13l di4 dis

a1 d22 d23 d24 |[d25

asz1 d3pz d4dsz3 |d34] d35

41| Q42 Q43 A44 445

ds1 |ds2| ds3 ds4 dAs5

Let us rearrange the factors so that the columns are in ascending
order:
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Alternative Formula:

Son(o0) * ds c Ay . cet o
det(4d) = gn(0) * o)1 * do(2).2

Ao(n-1),n-1 * Ao(n),n

all permutations

ocof{1,2,...n}
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The Determinant of the Transpose Matrix

Theorem: Let A be an n x n matrix. Then det(4) = det(AT).

il di2 |a13( dig

dzi1 |([d22| 423 d24

A =
as1 asp asz |ds4
41| Q42 A43 dA44
a1 a1 asi  |aan
Al (a2 azp  a4p
A" =

i3l da23 d3z3 d43

A14 Q24 |A34] A44
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Replace the Word ROW with COLUMN

Theorem: Let A be an n X n matrix with a column of zeroes. Then
det(A) = 0.
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Matrices with Proportional Rows or Columns

Theorem: Let A be an n x n matrix with two proportional rows
(or, in particular, two equal rows). Then det(4) = 0. Similarly, a
matrix with proportional columns also has zero determinant.

Typical term:

aii aip ai3l di4

ka1 |ka1o| ka3 kaig

3 3 3

as,1 as? aszs asz4

41| Q4p  A43 Q44

What other term will cancel this term?
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Determinants of Triangular Matrices

Theorem: Let A be an upper or a lower triangular matrix, that is,
a;j = 0 for all >j, ora;; = 0 for all <j. Then:

det(A) = ai1 *aza* - *An-14-1 * Anp,
that is, the product of the diagonal entries. In particular:
if D = Diag(d,, d>, ...,d,), then
det(D) =dj ~dy « -+ +d,.

il a2 di13 dia

dz2 dz23 d24
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Example:

7 12 753 212
0 4 yx 0
0 0 -2 1l
0 0 0 1/14
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Determinants of Elementary Matrices

Theorem: Suppose E is an elementary matrix. If E is obtained
from 7, by:

1. multiplying row i by k # 0, then:
det(E) = k.

2. exchanging row 7 and row j, then:
det(E) = —1.

3. adding k times row i to row j, then:
det(E) = 1.

Consequently, the determinant of every elementary matrix is

non-zero.
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The Effect of Row Operations

Theorem: Let A be an n x n matrix. Suppose B is obtained from 4

by:
1. multiplying row i of A by k # 0. Then:
det(B) = k « det(A).
2. exchanging row i and row j of A. Then:
det(B) = —det(4).
3. adding k times row i of A to row j of A. Then:
det(B) = det(A).

Analogous statements can be made by replacing the word row with
the word column.

Consequently if E is the elementary matrix corresponding to the

row operation performed on 4 to produce B, then B = E « 4, and
s0:

det(B) = det(E - A) = det(E) - det(A).

In particular:

det(k + A) = k" « det(A).
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ai

az

keasz; k-asp

4,1

aip (a3
azs| a3
asp dsgj
a4p  A43
ai.
an
a4
aip (a3
a4p  A43
asp dsgj
azs| a3

a4

a4

as4

a4.4

ai3

azs
k-a13

a43

a4

a4.4

as4

a4

a4

a2.4

keasa

a4.4




For a Type 3 matrix we will need:

Lemma: Let A, B and C be n x n matrices that have all entries
equal except for the entries in row i. Suppose row 7 of C is the sum

of row i of A and row i of B. Then:
det(C) = det(A) + det(B).

Warning: This Theorem is not saying that C = 4 + B,
nor is it saying that det(4 + B) = det(A4) + det(B).

In fact, in general, this equation is false:

most of the time, det(A + B) + det(A) + det(B).
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a an
a1 |azs
A =
a3l dj32
asi| aan
a an
a1 |axs
B —
bs1 b3
asi| aan
ap,
a,
C' —
as1 + b3
a1
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a3l aia
a3 Qa4
as3 |asa4
as3 Q44
a3l aia
a3 Qa4
b3z |b34
as3 Q44
aip
az;
asaz + b3y
asn

ai3

az;3
as3 + b33

as;

a4

az 4

azas+ b3a

a4.4




Back to Type 3 operations. Apply Lemma to B3.

aii a2
ajzi az»
B3 =
as, + kal,l
aa, a4
aii a2 a3 aia
ajzi az» az;3 ajza
A =
asjs R aj33 as3a
41| Q42 A43 dA44
aii a2 a3
ajzi az» az;3
B =
k°a1,1 k°a1,2 k‘a1,3
aa, a4 as3
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a3

2

az3

asp thkaip asz+kaz |asa+kais

a43

a4

a4

keas

a4.4

a4

a2.4

a4.4




Finding det(A) Using Row and Column Operations

Idea: Perform row operations (like Gauss-Jordan) until we get an
upper or lower triangular matrix. Account for all Type 1 and 2
operations you perform.

Example: Let us compute the determinant of:

8 2 3 -7
3 0 4 8

A =
6 2 —1 -5
5.9 2 9

Correct answer: —3410
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