5.3 Properties of Determinants and
Cofactor Expansion

Theorem: Let A be an n x n matrix. Then A is invertible if and
only if det(A) is non-zero.

Find the rref of A4:
R=EFE, e sEy-Ef+A

det(R)
= det(E, » -+ +Ey «E; - 4)
= det(E;) + -+ det(Ey) - det(Ey) - det(A)

What do we know about the determinant of any elementary

matrix?
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The Multiplicative Property of Determinants

Theorem: Let A and B be n x n matrices. Then:

det(4 - B) = det(A) - det(B)

Case 1: A is invertible.

A=E;«-- +Ey+E

det(A) = det(Et ¢ oo o °E1)
— det(E,) - -+ - det(E») - det(E))

det(A 'B) = det(Et Y °B)

= det(E,) « -+ - det(Ey) + det(E1)  det(B)
= det(A) - det(B)
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Case 2: A is not invertible.

Then det(A4) = 0.

Recall: 4 « B is invertible if and only if . . .

Can A - B be invertible?
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Determinants of Powers

Theorem: Let A be any n x n matrix. Then for any positive integer

k:
det(A¥) = det(A4)".

Furthermore, if A is invertible, then:

det(A™") = detl( e det(A)™".

Thus, if 4 is invertible, then for any integer power k:

det(A¥) = det(A4)".
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Computing Determinants Using Cofactor Expansion

Look at 3 x 3 determinants:

Group terms using the 1st row entries:

det(A) = |ai1larrass +|aiplarsas; + a3

— [@13|d2,2d3,1 — [d1,1|d23d32 —

= ay1(arpasz; —azzasp) +
aipx(arsas) —as1aszs) +

ai3(ariasz —aspas,)
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Express the 1st and 3rd groups as determinants:

azp a3

dz2d33 —d23A32 —
asp dsj
a1 ap

a1dzy —dzpdsz] =
a3l dsp

The 2nd group needs an adjustment:
aix(arsas —aziaszs) = —aip(a1as3z —arzas,)
azi dzj

dz1d33 —d23d31 —
asl d33
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Row 1 is not Special.
Try Column 2!

ai,i aip
aj. i azn
asj R

Look for factors from Column 2:

det(A) = aiq|azplaszs + |a12lazrzas) +aizaz;

ai3
az3

aszs

R,

— ad13|d22|d3,1 — d1,1423|d32

L+ LI
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ass(ai1ar3 —aizan).




Associated 2 x 2 determinants:
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How Do We Determine the Sign?

Coefficient: Sign:

ai,i +
a2 —
as +
azn +
aspn —
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Minors and Cofactors

Definition: Let A be an nx n matrix. The determinant of the
submatrix obtained from A by erasing its ith row and j#h column is
called the 7,j-minor of A, denoted:

The 4,j-cofactor of A is the number:
Cz’,j(A) = (-1 )i+j * Mz',j(A)°
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Revisit the 3 x 3 Determinant:

Using Row 1:
det(A) = a1,1M1,1(A) — al,le,z(A) + a1,3M1,3 (A)

=a11C11(4) +a12Ci12(4) +a13C13(A)

Using Column 2:

det(A) = —az,le,l(A) + az,zMz,z(A) — a2,3M2,3 (A)
= a21C21(A4) + a22C22(A4) + ax3C23(A)

Section 5.3 Properties of Determinants and Cofactor Expansion 11



Cofactor Expansion

Theorem: Let A be an nxn matrix. We can compute the

determinant of 4
by a cofactor expansion along row i:

det(A) = a;1Ci1 +aipCiz + -+ +ainCip,

or a cofactor expansion along column j:
a’et(A) = alJClJ + azJCQJ + -+ anJan.
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The Best of Both Worlds

Recursively use a combination of two techniques:

® Perform row or column operations in order to produce a row
or column with mostly 0s.

® Perform a cofactor expansion along this row or column.

® Apply these two techniques to the resulting cofactors.
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Example: Re-compute the determinant of the last Example from
Section 5.2 Lecture File.
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