7.2 Geometric Constructions in Inner Product Spaces

Further Properties of Inner Products

Theorem: Let V be an inner product space under the bilinear form

-5 o

< | > Then the following properties also hold, for all vectors u, v
and w € V-

1Cd [ k-V)y =k« (id|¥)

2. (U |V+w)y = | V) + (| w)
3. (i =V |, w)y = (i |w)y — (| )
4. (A |V-w)y = @ |¥)y— | w)

5. i+ V| u+v)y = (i|uy+23u |9y + {(J| V)
6. (u—-V|u-V)y = (iluy -2 |¥)+ {(}|V)
7 (i -7 = (@) - (] )
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Norms and Distances

Definition: Let v, u € V. Define the norm or the length of v by:

17| = <7/) 7/)> , in other words:
B2 = (317)
In particular, we say that 7 is a wnit vector if ||| = 1. The set of

all unit vectors in V'is called the unit Spbere or unit circle of V.

We can also define the distance between two vectors by:

d(u,v) = |lu~|

<y
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Unit Vectors

U

1/3

Some Vectors on The “Unit Circle” of R?

el e
under <u vy = 4uvi + uorvs
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Properties of Norms and Distances

Theorem: For all vectors u, v in an inner product space ¥, and all
k € R:

1 Ik~ = [k
2.d@,3) = dG,7)
3. d(k ik V) = |k

-

ul]

- d(u,V)
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The Cauchy-Schwarz Inequality

Theorem (The Cauchy-Schwarz Inequality):

For all vectors # and V from an inner product space V :

(@ 1v )| < Il - 19

or equivalently:

A3y < Gala) - (319
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Angle Between Vectors

(@] _

[l [V
<u\v
< 1.
||u|| (1 .

Define for two non-zero vectors:

cos(0) = <Z | Z>
2]

In particular, if cos(f) = 0 = <ZZ | V), then 0 = /2, and we will
say that u and V are orthogonal to each other.

_)
We will agree that 0y is orthogonal to any other vector.
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0, 0 — — .
Definitions: If u and v are non-zero vectors in V, we define the
angle between them as the angle 8, where 0 < 0 < 7, such that:

cos(f) = <u | v>

[zl 2|

Furthermore, we will say that « is orthogonal to v if and only if
<Z 7/)> = 0. We write this symbolically as:

717 = (@3 =0

_)
In particular, 0y is orthogonal to @/l vectors in V.
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The Triangle Inequalities

Theorem (The Triangle Inequality — Norm Version):

— - . .
For any two vectors # and v in an inner product space V :

la+ 9 < 4l + V]

Theorem: (The Triangle Inequality — Distance Version):

- - — . .
For any three vectors ¢, v and w in an inner product space V :

du,v) < d@u,w) +dw,v)
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Flashback from Ancient Greece

Theorem (The Generalized Pythagorean Theorem):

If u and V are orthogonal vectors in an inner product space V,
then:

2 2 2
1" + V11~ = lla + VI~

=J
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+
=

9
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