1.8 The Fundamental Matrix Spaces

Definitions/ Theorem —
The Four Fundamental Matrix Spaces:

Le@be an m x n The rowspace of A is the Span of the

rows of A. The columnspace of A is the Span of the columns of 4.
The nullspace of A is the set of all solutions to \%55 = Gm& RS0k

rowspace(A) = §]1an({71,72, ’7’”})’65\)\45 {]MQ,L/

colspace(4) = Span({¢1, s, ..., Cn}), and
nullspace(4) = < ¥ € R" | Ax = 0, },

- - — .
where 1, 72, ..., ', are the rows of A (considered as vectors from
R™),

" — .
and c¢i, ¢2, ..., ¢, are the columns of A4 (considered as vectors
from R™).

Let us define the #ranspose matrix operation, where
(pronounced “A4 transpose”) is the n x m matrix obtained from 4
by writing row 1 of 4 as column 1 of A7, writing row 2 of A4 as
column 2 of A7, and so on.
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The fourth fundamental matrix space is:

nullspace(A™) = < X €e R |4A™X = 0, },

Under these definitions, the subspaces and the corresponding
ambient spaces are:

nullspace(A) < R”, and
rutbpacer ) = R

o nullspace(4’) < R™_

The subspace properties for nullspace(A):

—~ W
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zero vector? ()€ N 5(4\ j /AV D ~ O Ly wead s
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scalar multiplication?
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Theorem — Basis for the Rowspace: ﬁ

Elementary row operations do not change the rowspace of a
matrix. Thus, if B is obtained from A4 using an elementary row
operation, then rowspace(A) = rowspace(B).

(Ml’egt@, if R is the rref of 4, then the non-zero rows of R

form a basis for rowspace(A4).

ERO:  R=RREFA)
U%U&B;%SC»@/ .
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Theorem — The Minimizing Theorem (Basis for Columnspace

Version):
If an m x n matrix 4 has reduced row echelon form R, then the

columns of 4 that ggrresgond to the leading columns of R form a
basis for the columnspace of A.
Ny
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Theorem — Basis for Nullspace: AY O = E:—E

Let A be an m x n matrix with rref R. Then:

L

nullspace(4) = nullspace(R)/
Furthermore, if R hag k free variables| then nullspace(A) will be

k-dimensional, and we obtain a basis for nullspace(A) by solving
for the leading variables in terms of the free variables, as usual. A

similar equation applies tc@and its rref.
R Lo
L A y=0—=R Y- 0
Warning: We can directly use the entries of the rref of 4 to find a

basis only for the rowspace and nullspace of A. However, we have
to go back to the oggindl columns of A to describe the

Nep
/1'\\

columnspace of A, using the leading 1’s as our guides.

—_—
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Example: Suppose we have the matrix:

7

-3
A =

—1

2
with rref:

1

0
R —

0

0

28 2 17 -3 73

12 4 -17 2
4 24 -51 4
8 -3 12 4
40 3 0 5
0 1 20 7
0 0 0 1 -8
00 0 0 0

-3
131
43

6
-3

4

0

24

—62
37
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7 =3 -1 2
-28 12 4 -8

2 4 24 3
AT = 17 =17 =51 12
-3 2 4 4
73 =3 131 -43
24 22 -62 37

with rref:
1020

0150

0 001

0 00O

0 00O

0 00O

0 00O
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Rank and Nullity

Definition/Theorem: Rank and Nullity:

Let A4 be an m x n matrix. The dimension of the nullspace of A4 is

called the/nu\ﬁ’a ZZityon;. _ (}UMZ vS( AY) XA

The dimension of the rowspace of A is exactly the same as the
dimension of the columnspace of A, and we call this common

dimension the@ > din CSCAY %% IR

VL,LQ.I'{

Furthermore, , since | rowspace(4) = colspace(4A"), and
colspace(A) = rowspace(A’ we can  conclude  that
rank(A) = rank(4

We write these dimensions symbolically as:

rank(A) = dim(rowspace(A))
= dim(colspace(A)) = rank(A"),
M nullity(A) = dim(nullspace(4)), and

L nullity(4™) = dim(nullspace(A)).
(L\ Aivn CSCAT~ i~ C5U‘v\\
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= dim( RSCAY)
0

Example: For the matrix in our previous Example:

rank() = i CSUY) -
nullity(4) = Lim( VAN = Y
nullity(A™) = aUm(lUACAT\) = 4
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Theorem/Definition — Bounds on Rank and Nullity:

Suppose 4 is an m x n matrix. Then:
0 < rank(4) = rank(A") < min(m,n),
n—m < nullity(A) < n, and
m—n < nullity(4") < m.
We say that 4 has full-rank it rank(4) = min(m,n).

R e
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The Dimension Theorem for Matrices
A?vn QMMMWW\ o {/7& .'

Theorem — The Dimension Theorem for Matrices:

For any m x n matrix 4:
w&lﬁ J rank(A) + nullity(4) = n,\ and similarly,
U\W rank(A") + nullity(A™) = ﬂ
S Re orper(A), T

rank( )= ol €S(aYY = ohiv( RSCAY) < dins (p3(RY)
©nelUh() = olim (s (A) ) = bim (S(R))
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Sight-Reading the Nullspace

Note how a column of numbers turns into the components of each
basis vector for the nullspace, but appear with the opposite sign.

Where does each component go?
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The General Solution of AX = b

Theorem — The Columnspace Test for Consistency:

-

The matrix equation WX = b\ is consistent if and only if
(b = colspace(A).} e EER A

Furthermore, if A% = b is consistent, suppos%: X, is a fixed soluti_o—ﬂ
(also called a particular solution) of this system. Then, a vector X is
a solution oﬁnd only if it can be written in the
form: X = X, + X, where Xj, is a member of the nullspace({ ).

Consequently, if X and y are any two solutions to AX = b, then

X — ¥ € nullspace(4).

- “L
X = | < SR
PR f
X Xy 115 F;?JF;M e ;Mcwl%_j

,;)
* XLENS(A) S AR=0
- — = R
A+ = A, + AX= b4

>
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Definition: 1f Z is a fixed vector of R”, and W < R”, then:
b+ W = {b+ wl|we W} is called a translate of the subspace

W.

Theorem: The set X of all solutions ¥ of a consistent matrix

equation of AX = b is a translate of the nullspace, that is:
X =X, + nullspace(4),

_)
where X, is a fixed or particular solution for AX = b.
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Example:

[4]7]

3 -15
-2 10
4 =20
2 -10

with rref:

-5 0 7 0
1 40
0 01
0 00

oSO O -
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Properties of Full-Rank Matrices

Theorem — Linear Systems with a Full-Rank Coefficient Matrix:

_)
Suppose that I:A |b:| is an augment matrix, where 4 is an m x n

full-rank matrix. Then:

1. If m < n ( the system is underdetermined ), then the system is
_)

consistent for any b € R”™, and furthermore, the system always has

an infinite number of solutions.

2. It m = n ( the system is square ), then the system is consistent
—

for any b € R”, and furthermore, the system has exactly one

solution.
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3. It m > n ( the system is overdetermined ), and the system is
consistent, then it has exactly one solution. However, there is at

_)
least one b € R™ for which the system is inconsistent.

Thus, we can also say that an overdetermined full-rank system has

at most one solution.
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Example: Consider:

3.5 6 2
A = 6 —4 1 |
7 7 -5
3 -5 2 |
Ay = 2 6 -3 |, and
7 5
3 5 2 |
| 2o
| -3 -3
5 6 -5
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Study the systems:
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4

-5 -6 2
6 —4 -3

-3
2

with rref

1 0 7 0 4

0 1

-3 0 -3

-2

1

00 O

Ry =
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-3 -5 2

2 6 =3

4 7 =5
with rref
10 0

O1 0

0 0 1

21



4

2 0 4

with rref

0 0

1

1

0
0 0

0
0
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2 0 4

with rref

0 0

1

0
0

1

1

0

0
0

Ry =
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