2.5 One-to-One Transformatiops ,

and Onto Transformations

The Kernel and Range of a Linear Transformation

Definition: It T : R” - R™ is a linear transformation, we define
the kernel of T as the set: /

Lfer(f) = {Z c RffT(Z) = B,J} - R”.

Similarly, we define the mnge of 7 as the set:

@ge(ﬂ {w S [Rmr(w = 1(v )ﬁor some v € [R”} c R™,

We emphasize that ker(7) is from R”, and range(T) is from R".

Recall: Fundamental subspaces Fundamental subspaces of a Linear
of a matrix A. There's 4 of Transformation! Notice that ker (T)
them, but two of them are corresponds to NS (A) and Range (T)

NS (A) and CS(A). corresponds to CS(A).

Section 2.5 One-to-One Transformations and Onto Transformations 1


Fundamental subspaces of a Linear Transformation! Notice that ker(T) corresponds to NS(A) and Range(T) corresponds to CS(A).

Recall: Fundamental subspaces of a matrix A. There's 4 of them, but two of them are NS(A) and CS(A).


Theorem: If T : R" —» R™ is a linear tmnsformajion, then:

ker(T) = nullspace([T]) < [R”; and

range(T) = colspace([T]) < R™,

We call the dimension of ker(T) the|\nullity of T, written
nullity(T). r&ﬁl%we call the dimension of range(T) the rank

of T, written rank(T).| Thus:

nullity(T) = dim(nullspace([T])) = nullity([T]), and
rank(T) = dim(colspace([T])) = rank([T]).

ker (T)

The Kernel of T The Range of T

So these are subspaces! These
are 1lmportant so make sure to
study these carefully!
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kerT nullspaceT n

rangeT colspaceT m.

So these are subspaces! These are important so make sure to study these carefully!


The Dimension Theorem for Linear Transformations

Theorem: Suppose T : R” - R™ is a linear transformation. Then:

% rank(T) + nullity(T) = n &

k By the diwension Hoaren, dor et

ran)ﬂ([T] ']‘V\U“A-‘/( [T]>:V\
fw\l”\ﬁ—\\ + v“flut; ﬁﬂ =N, -\

Remark: It's hard to overstate the important of the
dimension theorem for matrices we proved in Ch 1! It's
one of the main tools of this entire chapter.
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The Dimension Theorem for Linear Transformations

rankT nullityT n

Remark: It's hard to overstate the important of the dimension theorem for matrices we proved in Ch 1! It's one of the main tools of this entire chapter.


One-to-One Transformations

Definition: We say that a linear transformation 7": R” - R™ is
@e-to-onekor injective \it the image of two different vectors from
the domain are differefit vectors of the codomain:

H:Zl + 7/)2 then T@l) + T@z)

We also say that 7'is an injection or an embedding.

Theorem: A linear transformation 7 : R” - R™ is one-to-one if
and only if the only way two vectors from the domain have the
same image in the codomain is for them to be the same vector to

begin with:

MV?JAQ LQ\‘D-@ L If T(T/)l) = T(T/)z) then T/)l = T/)z.

In other WOI‘dS, the 0721_}' solution to T(T/)l) = T(T/)z) is T/)l = T/)z.

ﬁ Juit cowerse ! (@7& o 171 /lp T
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one-to-one or injective

If Tv1 Tv2 then v1 v2.


45&1‘7 \’Jlﬁ' l]vv—&)[]r"k*"'ﬂ_ l % Study this proof! Good test Q!
Theorem — The Kernel Test for Injectivity:

A linear transformation T’ : R” — R" is|one-to-onel| if and only if:

X | ker(T) = {6,1}.2%

(=) We are given that 7 is one-to-one.

We must show that ker(T) = {6)n}

-
L
Suppose 7 € ker(T). By, def of kevel, we hoae: T(V=0
e W Lol 7(53\,38 [l TUD\L,T. So
) -
/r(\?) :T(@) so by s 1= — V=0.
(<) We are given that ker(T) = {6)n}
We must show that T is one-to-one. -
o
So suppose Vi, va € R”, and T(¥;) = T(V,). MST 1~ Ve .
P N S — A9 =
M(0)=T) e TIw) ~T (%) = O
) T( \j)l ——%‘L} = @M (LJ]LT U Q L/T
T : Aufmsfji&?
s U e ke (T Sl ",

\_V-L

Ay -
Bk] afﬁ/‘”@“ﬁm) Vl'Vﬂ,:ON TL\UJ/ U’?:\?
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kerT 0n

if and only if:

one-to-one

Study this proof! Good test Q! 


Example: Suppose T1,T> : R? > R* are given by the following
matrices with the corresponding rrefs. Describe the kernel of each,
decide if either is one-to-one, and verify the Dimension Theorem

for both. cer (T, ) = s( ET 1> Ns(R) S?em@ ]E)

G weg KF/WCI )#_i@_j T, onox [,

1 -3 4
2 -6 9
[T ] = :
5 =15 4
-3 9 -7
[ — ¥¥3
B _ 7
1)-3 0 <. | [D
0 Ol X, = O
with rref Ry = O
0 00 s )
[tading: v, ><3 o oo |L 1 ¢
Free - - =
R

SR I S e I
1

ws(k) > Spin ( %) {UL’M’[
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W L
TE

1 2 4
2 -6 9
[1>] = :
5 15 4
3 9 _7
: B %S
1)0 0 ,
( X] G
ith rref R 010 Sl e
with rre = .
B TR B SS B
00 0

NSCR—L) = S(IR1) = ker( TL>

Describe the kernel and range of each, decide if either is
one-to-one, and verify the Dimension Theorem for both.



Theorem: A linear transformation T : R” - R™ is not one-to-one

ifln > m.
— " f( wide R —>

Con add rOWS i [ enre S

S—b N S C[T-l) = I/\ol% QOI‘-{ 1"'\'1-\7 j'dldri:\ﬂv'j
\

kerCT)
o Lee(T)F 9505 , So i ng .
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n m.

not


}Onto NLinear Transformations

Rige (T) SR

Definition: We say that a linear transformation 7": R” - R™ is
onto é)r smyectzv/dlf: o okt cage 35 = b9AS

Pg,pj,'ld'.{.
range(1) = R™,

We also say that 7is a surjection or a covering (because 7 hits all
the vectors of R”).

[2'%“32 (TBC\V,’”! Vaew) = Vel so+hat 33—,’\—[3")‘

Theorem: A linear transformation T : R” - R™ is onto if and
only if rank(T) = m.
E (ah"ﬁCT}:oﬂ'm(CSQET] 3) :OU"“( Qan{CT)>

’ {P T is antd  Ym D—W\&QCT\’: “lm §o DUV‘-\URY\) =M o f‘“k(T):m'

-
£ wonkCTVom Mo LR CT) )z b Rena (T) S 1R

——
P R7—= Ragt (T) Lo Tirete by ded.

n,2 L I Levis .
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onto or surjective

rangeT m.


Example: Suppose T1,T> : R? > R? are given by the following
matrices with the corresponding rrefs. Describe the kernel and

range of each, decide if either is one-to-one, and/or onto, and
verify the Dimension Theorem for both.

{\ﬁf\g+""-'lu}‘-| = \‘%Z > Bgﬂ (—‘lvxp‘v+ M"\

2 8 6 | D 4 -3
[T1] = , withrref Ry =
1 4 -3 00 O
Ain (F’a\'\yCTl\) = 1 k(T ) =1 IZMQ“J‘ i — s
~ . - e X — NV
Am (/cN_(),) ): 2 w”"f/("]c L T is ol 1—*_|. T‘ (s :{_M'{‘D
-2 -8 7 1)4 0
(T2 ] = , withrref R, =
1 4 =3 0 071
W'M(f&wa,ecfrv) 3:‘.2 — {Zmobva, i - i/i
i (e T2 )= L -
ro-kl T-;_,) ;)'V\UIL'-LL{ CT«—,J) = 0
2+ L = 3
/l—"l_ ;L hO + l"’(,

EERS o
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Theorem: A linear transformation T : R"* > R™ is|not onto i

n<m.

e -ﬂ? af \Qo\ol-ivtj_s s <\\q

Mlhn( CASB‘:»\J<(TH

Helpful "cartoons" to keep in mind:

TR e
SRR e

ho+ l/-)
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n m.

not onto

Helpful "cartoons" to keep in mind:


Using the RREF of the Matrix of T

Theorem: Suppose that T : R” - R™ is a linear transformation,

and R is the|rref of [T7]. 3
Then: f ker (12531 N\

@ T is one-to-one " if and only if R does mot have any free

variables.

2.)T is onto if and only if R does not have any row consisting
only of zeroes. gk ey P 2 s al |wob;aj_g

N~

]
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Using the RREF of the Matrix of T

rref of T .


Theorem — Equivalent Properties for |Full-Rank| Linear
Transformations:

Suppose that 7 : R” - R™ is a linear transformation. Then:

1. if m < n: Tis|tull-rank| if only only if T is onto. 4"
2. i Tis tull-rank| if and only if Tis both one-to-one and
onto. S

3. i T is\tull-rank | if and only if T is one-to-one. A""_J,—

Proof: Exercise. Bﬁv\_\\’“ ot (T «m\u]uH(F‘\ =

|:v:/” rank - "““lCCT\ - no

Carefull: full rank is
(j::) n=-—= R Qﬁﬂlﬁ not the same as onto! By
Dimension Theorem, it
Just means that the
T\ rank (T)=n. So if we have
LZL? n LI vectors in R”n, then
full-rank means
’ T(v 1), ..., T(v_n) are
also LI in R”™m
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Full-Rank

full-rank ifo full-rank if a

full-rank

full-rank

Carefull: full rank is not the same as onto! By Dimension Theorem, it just means that the rank(T)=n. So if we have n LI vectors in R^n, then full-rank means T(v_1), ..., T(v_n) are also LI in R^m


A Recap of The One-to-One and Onto Properties

A linear transformation 7' : R"” - R™ is one-to-one if and only if
ker(T) = {6,4} This means that if v € R” is any other vector
but 0,, then T(W) = 0 .

T is one-to-one if and only if:

ker(T) = {Gn}
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A linear transformation 7 : R” - R™ is omto if and only if
range(T) = R™,

This means that for any vector w € R™, we can find at least one
vector v € R” such that T(¥) = w. We remark that more than one

—_—

such vector v could exist for every w. This also means that

rank(T) = m.

T is onto if and only if:

range(T) = R™
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Anything Can Happen:

Suppose that T : R" - R™.

If we don’t know anything about 7 or m, then T can be:
® one-to-one but not onto;
® onto but not one-to-one;
® ncither one-to-one nor onto;

® both one-to-one and onto.
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However, if we knew that:

® n > m, then T is automatically not one-to-one;

however, T can be onto, or not onto.

T is onto, but not one-to-one n>m T is neither onto nor one-to-one
rank (T)=m; T is full rank rank (T)<m

® n < m, then T is automatically not onto;

however, T can be one-to-one, or not one-to-one.

T is neither one-to-one nor onto

T is one-to-one, but not onto
rank (T) = n; T 1s full rank rank (T)<n

n<m
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