2.6 Invertible Operators and Matrices

In Algebra, we first require that a function:
f:D - R,

with domain D and range R, is one-to-one on D before we find its
inverse. If so:

f': R > D, where

') =x ifand only if f(x) =y.

fand ! also possess the cancellation properties:

fY(fx)) =f'(y) =xforallx € D, |and
') = f(x) = yforally € R.

I prefer to call these the
"Inverse Properties"
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f1fx f1y xforallx D, ff1y fx yforally R.

I prefer to call these the "Inverse Properties"
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Definition: We say that a\linear transformation 7": R” - R™|is
invertible|if and only if | T'is both one-to- one@ onto.

We also say equivalently that 7 is bzﬁcﬁw, T is a bzy}éon or 1 is

an isomorphism.

Note: I prefer to reserve the term "bijective" for general

functions that are 1-1 and onto. Of course, LTs are special
functions so you can use the terms. Isomorphism is ok to use
since this term applies to LTs from vector spaces

z\\ in Ch 3).

Theorem: If T : R* - R™ is invertible, then/n = m.
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invertible if a We also say e

T is both one-to-one and onto.

Note: I prefer to reserve the term "bijective" for general functions that are 1-1 and onto. Of course, LTs are special functions so you can use the terms. Isomorphism is ok to use since this term applies to LTs from vector spaces (as we'll learn in Ch 3).

n m.

What else?!?


Theorem: A linear operator T : R” — R” is_invertible if and only
if we can find another unique linear operato{ 7' : R" > M the
inverse operator for T, such that if v € R” and T(v) = w, then we

define: | =
- " n
e A \J EIp ——wJ e i
T (W) =V, k_/
and thus: | . T
@oT)(T}’) =T}Wand (ToTH(W) = w.
In other words: - //an_ﬂ //Zﬂ
Tl oT=ToT! = Igs| *R 5 .
V ——>

the identity operator on R”.

Furthermore, if T is invertible, then 77! is also invertible, and
— _1 — .
(T-')" = T.| Thus, we can say that T and T~! are inverses of each

other.

The Composition of T with T -1
TVoT =1Ign = To T
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T1TTT1 In,

T11 T.


Invertible Matrices

19

4
Definition: An@ matrix A is invertible if and only if the linear

operator 7" : R” - R” corresponding to A = [7] is an invertible

operator. In other words, the operator defined by:
1) = A7,

— . . .
for all v € R”, is an invertible operator on R”.
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Theorem/Definition: An n x n matrix|4 is invertible|if and only if
we can find another 7 x n matrix B such that:

AB = ln\AABA. % |BA=T, \
We call B the inverse matrix of A, and denote it by|4 .
If A4 is invertible, then the inverse matriis likewise invertible,

and:
/ 4" = 4.
In other words, B~ = 4. Thus, we can say that 4 and 47! are
inverses of each other.
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A is invertibl h that:

1

Thus, set B=[T^(-1)]

w/ [T]=A


((4—:) RUANINS O

Theorem: If an n x n matrix|4 is invertible|
This means that if B and C both satisfy the equations:

then its inverse matrix
\_/_d_:

B is\unique.

AB =1, =BA and AC =1, = CA,

then B = C.

T C=hAC = (pem)ic
i B*(A*Q) [oss.)

- B A A

= B

Nice proof -- good test Q ;-)
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A is invertible if B and C bo

unique.

Nice proof -- good test Q ;-)


Theorem: Suppose that:
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Then A is invertible|if and only zf ad — bc # 0, in which case:
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if and only if


Example:

Example:
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The Matrix of T

Theorem: A linear operator T : R" — R” is invertible if and only
if A = [T] is an invertible n x n matrix. If this is the case, then:

[T =47 = [1]"".

E T e wiehble 25 A TR a1 \»\,] d“-’@
So only NTS: [T~ (-1)] = [T]~(-1)
— =
[ e )V\JQF'JWL‘Q&L_ T ZRTYE

We know: Tq;_l_ = Td ]Q”\ & T > | - —LCJGZ"‘ J

We know: ET-;T] - E*umf] & [T o ]”— [-];lm”]

-7~
We know: [qu]'ﬁtfﬂ]f IV\. 2( E]’])‘ET lh’—l"'\
S0 ct UsA =T, L/A*" o
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T1 A1 T1.

The Matrix of T1

So only NTS: [T^(-1)] = [T]^(-1)

We know:

We know:

We know:

So:


Example: Let T : R? > R? be given by:

T((x,y)) = <@
C1l= K i - K,)_m_ [ 1
R L ] =15 J

\
w\,\,we. A= ad-Lbe ° A 1—3}
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Bonus Example:

The Matrix of a Reflection Across

Let I1 be the plane in R3 with Cartesian equation:

[ra(-’/ﬁf:_@,

> -1
We found in the last Example of Section 2.2 that: [refly] = [T{A;

3x—=5y+2z=0.

10 15 _ 6
19 19 19
_ 15 6 10
refln] = 19 ~19 19
__6 10 15

719 19 19|
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