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3.6 Coordinate Vectors and Matrices for

. . - T &M at
Linear Transformations T-=2vV-' =
TR vk Wy 2y |\ T || ey
W) w~ fous i chn My
Definition: Let B = {w1, wy, ..., w,> be an ordered basis for a
finite dimensional vector spac If 7 is any vector in V, we know

- o .\_B; .
that v can be expressed umiuely as a linear combination of the

O Thin 3 Y

vectors of B : _—
Cwn Uv\\!\‘

— Coyeeme
— — — — -
v =Cw; +tcwy + - +c,w,. w‘)___@“ ul

Z
Ce Cn> MA@-’( Y LMS\'] \/tL-Lp{g‘I
the coordinate vector of v with respect to B, written as:
—;> . (yarﬂu"\k
AV

= e . o
/;\ e @)B < C1, €2, > Cﬂ) (\ f:{:tr}ir”\v{'\'\o"\

1 1 g w 't
The 7 x 1 matrix corresponding to (Z) 5 i called of ¥ wrl B

. . — . .
the coordinate matrix of v with respect to B, written as:

C1

We call the vector {c1, c2, .

7] =




Example: HZB
Let B = {(=1,0,1),(1,1,=1),(0,—1,—1)}, astwe bags
v ={(7,-3,-2).

Find [V],.= LC: ]
? N = R‘ +@L1§+@L ’B L
1 + f{-&'p j ool "%

&o |- \‘3 — 010 "/B

0 |
C—~_
X,

<L r_a)ﬂrq_pllﬂﬁ'\_}
EX D B=3us, B = % I, 5e, §

O >(
T = A (h-j_(\-l-XBTOZO'\_
'EGK Ll L F gm—il*ix*o"

[F1, = K\g] | L%]g: Lﬂ



Theorem: For any ordered basis B = {wi, w2, ..., w,} of an
n —dimensional vector space V, the function 7' : V' —» R” given by:

| T() = <7>B§

is a linear transformation. In particular, if

for R”, then T is in fact/one-to-oneland

1N €.,
of R". it didie
Proof: Suppose that ~

u f N IRs k—})\é\\lz C\ -C oo, 4 C, W
<u>B - <Cl’ €25 ey C”>a and - 9 \ \\3 A D
<T}>B =(d\, da, ..., d,). I Nz dwt W
These mean that: ) . B}

Mo Cen® VT VTS 29 )T )

J / - M - L'.ij) >
e 4 LM‘\)>B\_ 2w %y 1 B

—

Dey = (d D0, b HCEbdadgn (055 &MIT)
Detd="T:

Y

4 ‘Lr-}':j )g‘: <C\+d\ o Ln4dY‘> (LV\ “Z \
T G o Ld\‘)‘"’iy\>
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Coordinates for P"
Let p(x) = 5x* — 3x + 7. Find [p(x)],, where:
a) B = {1,x,x*}.

b) B'= x?-5x+2,x—1}.

Coordinate Vectors and Matrices for Linear Transformations



Coordinate Vectors for W = Span(B)
Ceurd C?D =d.

bl

~ U A BUR, e
L4 ﬁ basis We ®( }

Example: Conside (_B = { sin(x), cos(x)% andEW = Span(B)x

Find [f{x)];, for the following functions:

a) flx) = Ssin(x) — 8cos(x) —= LQ (xﬂB: ¢ 587 FETHD

pe

Le,wj+" v

~ ~
b) fw) = sin(x+ £ ) = sia[x) W(Ji} + oo s § )

c) fx) = cos(x +sin"'(3/5))
s w22
= wsﬁx\w5(51«\%(§-\) — () SW\\(T" Cﬁf)

Y

= 7 aslx) % (é‘)s‘mm

-3
b ey ¢ 50



Constructing A Matrix For T [1an Brey 3
L6, b FDUSs g0

Definition/Theorem: Let T : V - W be a linear transformation,

where dim(V) = n and dim(W) = m. Let B = {71,?;20,...,7,,}
bem%!gasis for V, and let B’ = {W1, W2, ..., Wn + be :f%asis for W.

Thelm 2 n mauix 7], g by

7155 = [[TODI) | [TG)g)| -+ | TGy ]

cIRe™m cpm € p™ MXA
is called the matrix of T relative to B and B'.
//
— —
Foranyv € V, we ca Comgire
W

;%T : V' > V' is an operator and we use the same basis B for the
domain and codomain (that is, B = B’), we simply write [T],

instead of [T 5 5. () +hgmt

-

—

[ —
3
@\



= fis g, raet Bl 5 d

How to Use the Matrix for T i c{
ENCODE :

Given Vv € V, ﬁn

MULTIPLY : |
R —— \

Compute the product [7] g@/

r
S

4 W”LO“V’\ ‘;[W\

DECODE :

Use the coefficients of [T(V)], and the basis B’ to explicitly find
W) e W.

c
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do=> g

éi@f«\w
Example: Let|T : P> — P?\be the operator given by:

T(p(x)) = 3p'(x) + Tap" (x) + p(=1) - x*.

0\% 4 2 oat & 7 A%E/L/
(LD
Warm-up: Compute T(2 + 8x — 5x* +4x°) \ “1}05/

-9 E—ZO )(4—]1["—? - 79&[\1’0 4'—“(}(}{— &—“5} X—L %{ﬁ-]o@x Y W:{T’J

Explain‘'why T(p(x)) € P? for any p(x) € P>.
(il g(ﬂjﬁ@[ §a s

Prove that T is indeed a linear transformation. a

¢ L Ve —
Thrp) = 300+ (k) rCRp) =T 7 T
Let B =< l,jx_,/gc\z, x>} be the standard basis for P>, and

\B/ = {1, x, x*} the standard basis for P?.

Flnd [T] B,B/.

rle

Recompute T(2 + 8x — 5x* + 4x°) using [T 55

Coordinate Vectors and Matrices for Linear Transformations 8



Example: ose that we are given a linear transformation

T : P?

where B = {x*+5,x—2,1}and B’ = {x+1,x—1}.

2
Find T(7x2 + 4x — 8). 9
L3 2
E““‘(’“g\l ETI *WI -
i _ -\73
102

I Trdx -8 = (ﬁﬂ T (X ¥ C”?““)

~ @cl"-\qu'i t| Cn >° A4 (t’-\ 5
(33645 4 (g (X A7) &

e
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Function Spaces Preserved by the Derivative

Example: Find the matrix of the derivative operator D applied to
the function space:

V = Span({x?*e*, xe*, e™ })

Coordinate Vectors and Matrices for Linear Transformations 10
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Revisiting Projections SIS EeE ook

Example: Suppose that Il is the plane with equation:
Sx+2y—-6z=0.

Find [ projm].
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