3.7 One-to-One and Onto

Linear Transformations ;
Compositions of

Linear Transformations

Review:

ker(T) = {v c V|T() = 6W}

\—0

range(T) = {v_’v e W|w = T(V) for someV € V} /



One-to-One Transformations

w ™

I e

Definition: We say that a linear transformation 7: V> W is

\one-to-one\or injective if the image of different vectors from the

domain are different vectors from the codomain:

- — — QLJ/ b St
V\')L'Zé\l_ If V1 F U then T(Z]) + T@z) {x }
We again say that 7'is an injection or an enﬁé@zg.
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Theorem: A linear transformation T : V — W is one-to-one if and
only if the only way two vectors from the domain have the same
image in the codomain is for them to be the same vector to begin

with:

[Co“-l-m‘)lu"%a\? §If T(T/)l) = T(T/)z) then T/)l = T}Z- (Uy_ﬂ/ N\-L)

In other words, the only solution to T(v{) = T(v,) is vi = v,.

N7

Theorem: A linear transformation T : V' — W is one-to-one if and
only if ker(T) = {61/}
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Onto Transformations

A w

12 /2
Definition: We say that a linear transformation 7 : V' —» Wis onto
or surjective if the range of 7T'is all of W :

Since rank(1T) = dim(range(T)), we can also say that 7 'is onto if
and only if [rank(T) = dim(W), in the case when W is [inite

dimensional.
————

one'tv'one <~ onto Y e

ker(T) = {GV} range(T) = W
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Finding the Kernel and Range Using [T

\{Wﬁ\x / LI
The information provided by [7]j 5 and its_tref simply needs to

be decoded with respect to the appropriate basis: we use B for
ker(T) and B’ for range(T).
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Theorem: Suppose that T : V' — W is a linear transformation, with
dim(V) =n and dim(W) = m,@ finite-dimensional vector
spaces. Let B = {V|,Va,...,V,} be a basis for ¥, and let
B’ = {wi, W, ..., Wy} be a basis for W. Let us construct the

m x n matrix [T], 5 as we did in the previous Section, and let R
be th%mm Suppose that:

b <) s )
is the basis that we obrtain for nullspace([ﬂ B’B/> using R, as we
did in Chapter 2.

By the@niqueneisjof Representation Property, we know that there
exise Vso that (u;), = z; forevery i = 1...k.

We conclude that the set {ui,us, ..., urr < V is a basis for

ker(T).

As usual, if there are ( no/ free wvariables in R, then

nullspace([T] B,B/> = {an} ,_’
and consequently, ker(T) = {BV}

b ’MCNTB has b %[fw)_---}jtcz& c V.

e fecurindes < i (RACTV )= ndlih, (T,
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~ LT3
Similarly, the set of original columns:/ b

{Z’)z‘l,giz, ...,Z’),'r} c R™
from [T1], 5/ corresponding to the leading 1’s of R form a basis for
columnspace([T] . B/> as we found in Chapter 2, and there exists
4B,

-

d; € W so that <dj>3/

We conclude that the set {21')1,21')2, ...,Zz’)r} C W is a basis for
range(T).

= Z'),-j for everyj = 1...7.

If T is the zero transformation, then range(T) = {BW}
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The Dimension Theorem for Abstract Vector S])ac'ﬁ( "~ \/P\ ) 3
- R
\ (;[DQSWSr
Theorem — [The Dimension Theorem )M A or
Let T : V —» W be a linear transformatd suppose that V' is

finite dimensional with dim(V) = n. ) both ker(T) and
range(T) are finite dimensional, and we can define:

® rank(T) = dim(range(T)), and cord (B)

o nullity(T) = dim(ker(T)). — (= ( B2)
Furthermore, these quantities are related by the equation:
rank(T) + nullity(T)
=n = dim(V) = dim <a’0main ofT).

/%ZM(V) — mmlc('ﬂ ”rhu“HDKTB
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Idea of the Proof
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Let’s say nullity(T) = k.
{V1,V2, ..., Vi) a basis for ker(T)
Use the Extension Theorem:

—_—

- - — — — .
B ={Vi,Va, ..., Vk, Vi1, Vis2, ..., Vn s a basis for V.
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Examine range(T) :

— — — —
vV =C1V] +Cvy + -+ CiVi +

- - -
Cit1 Vil T Ci2Vir2 + ==+ + CpVy.

T(T/)) = ClT(T/)l) +CQT(T}2) + .- +CkT(T/)k) +

Cir1 TVi1) + ChnT(Via2) + -+ T(V,)

= Ck+1T(T}k+1) + Ck+2T(T}k+2) T T CnT(T}n)

This tells us that every vector in range(T) is . . . .
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Show that { T(Vs1), T(Vks2), ..., T(V,) s linearly independent:

din Tr1) + di2 TGr2) + - +d, T(V,) = 6W~

— — — =
T(dp1 Vi1 + dp2Vigo + - +dyvy) = Op.

Conclusion: the vector inside the parenthesis is in . . .
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— — —
Ai1Vis1 + A2 Vigo + -+ +d vy

= dﬁ}l + dzT}z + -0 + dkT/)k,

- - -
—d1v1 — szz — eee — dkvk +
_)

— — —
Ais1Visl + di2Vigo + - +dpv, = Oy

Conclusion:
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Comparing Dimensions

Theorem: Suppose T : V — W is a linear transformation of finite

dimensional vector spaces. Then:
2) if dim(V) < dim(W), then T cannotbe onto. 1/ Y

b) if dim(V) > dim(W), then T cannot be one-to-one.
anno S
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Compositions of Linear Transformations
n 1e
g R I [N
Definition/Theorem: Suppose T1 : V - U, and T : U -» W are

R e e

linear transformations. The composition:—
T 20 T 1 - V- W

is again a linear transformation, with action given as follows:
e ————

Suppose v € V, T1(v) = u € U, and T>(u) = w € W. Then:
( (T2 0 T1)(V) = To(T1(V)) = Ta(u) = w.

l»v]

T, oT;

The Composition of

Two Linear Transformations /

NH—& "\/\u/( WZE U\\\ be & M%W\/Q



The Matrix of a Composition

n k
"
Theorem: Let Ty :V—->U and Tp:U-> W be linear

transformations of finite dimensional vector spaces. Let B be a

basis for V, B’ a basis for U, and B” a basis for W. Then:
[TZ © Tl]B,B// — [Tz]B/,B//* [Tl]B,B/'

Proof: T = by |
SUh - /B
RGN

B = {?19?29 9?71} Toll\—?\
ek s [ \IOT\ (VI) &,)\ T \ vl G"]

f— 7 7 By e (T =0 ] |- | T e
B {Ml, uz, ’ T/lk} ‘_« 13’5; K b'\ k

husts A = 4
B’ = {wi, Wy, ..., W} ETL] (s’,e"—i L) B,\ \ Tl B"]

[75‘5‘1,( W :X MY

= AN
M ZY\'\XY\ XW\X\L j/flt.x\f\
’ \:ﬁrs}/o]uw\o{ 7 2 LTaeh G 6 T ¥
- T X T|(\7I)




oCiot oo of AT ElS (47 T)= Ko LT 0],
=X #( LT *U.J)

(%Y

[Tz o Tl]BB// 0 SC’) U\JOI’(C—S 5, m{{ ey, 7260'@/
B []

= [ (T2 o TG | [(T20 T1)GR)]p |
. [(TZOTI)(Vn)]B// :I

[Tz]B/,B//
=X

= [ (2@ | [T2G)] g0 |-+ | [T2k)]g0 ]

[ ]BB/

= [ (O] | [TiG)1p || [T, ]
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Function Spaces Preserved by the Derivative

Example: Find the matrix of the second derivative, D*, applied to
the function space:

V = Span({x?*e*, xe*, e™ })
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