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Chapter Zero

The Language of Mathematics:

Sets, Axioms, Theorems & Proofs

Mathematics is a language, and Logic is its grammar.
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Part I: Set Theory and Basic Logic

Definition: Alsetlis an unordered collection of objects, called the
elements of the set. A set can be described using the set-builder
notation:

X = {x|x possesses certain determinable qualities } :

£ (3

where we explicitly /ist the elements of X. The bar symbol “

or the roster method:

) .
1n

set-builder notation represents the phrase “such that.”

There is also a special set, called the|empty set or the null-set, that
does not contain any elements:

or { }.
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Important Sets of Numbers:
Nwturod Moy N = {(%, 1,2,...}. ﬁaw\%rrb It

Ddeges 7 =4{..-3,-2,-1,0,1,2,3,...}.
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Logical Statements and Axioms

Definition: A [logical statement is a complete sentence that is
either true or false.

Which of the following are logical statements? (and if the
statement is logical, is it true or false?)

The square of a real number is never negative.

!

v X'?_ BN 0 4 %_gj o [057'@_,€ 9_’}7\'-]19\/—%"7}—. &/&

The set of natural numbers has a smallest element.

W= 5007 T  loierR Sebest o e

The set of integers has a smallest element.
Z/: {'---—1)—)) 0)1’1/,__] {CJD;CJ S“‘}"\RWJJ / Fﬂ,&c

Geometry is more important than Algebra.

/uﬁffcerg ?41{1@“”"\\ K @
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Definition: AnéZAxioz is a logical statement that we will accept as
true, that is as reasonable human beings, we can mutually agree
that such Axioms are true.

The empty set 0 exists.

Euclidean Geometry:
existence of points
through two distinct points there must exist a unique /line.

any three non-collinear points determine a unique triangle.

A
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Quantifiers

" ' de ' 051‘%\}‘611
ewa [T 1S pOs 31««3&““”“\? \/
Definitions — Quantifiers: NaeZ, x7° e

There are two kinds of quantifiers: | universal quantifiers and

‘fv‘
/— o . L] L]
existential quantifiers. Examples of universal quantifiers are the

words any, all and every, symbolized by:
/ 44 4
(V) "ottt

They are often used in a logical statement to describe a//
members of a certain set. Examples of existential quantifiers are
the phrases there is and there exists or their plural forms there are

and there exist, symbolized by:
P o] ‘
Hrwre er

Existential quantifiers are often used to claim the existence (or
non-existence) of a special element or elements of a certain set.
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The Axioms for the Real Numbers

Axioms — The Field Axioms for the Set of Real Numbers:

There exists a set of Real Numbers, denoted R, together with two
binary operatlons

+ (addltlo ) and ( + (multplication).

Furthermore, the members of R enjoy the following properties:

@Tbe Closure Property of Addition:

For all x, y € [R:s well.

@ The Closure Property of Multiplication:

For all x, y € Ry/x y e [R)as well.
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@ The Commutative Property of Addition
Forallx,ye Rix+y=y+x

/@ The Commutative Property of Multiplication
Forallx,ye Rix+y=y-x

@ The Associative Property of Addition
Forallx, y, ze Rix+(y+2) = (x+y) +z

@Tbe Associative Property of Multiplication
Forallx, y, ze Rix«(yez) = (x+y) * z
YTVt T ) A
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@ The Distributive Property of Multiplication over Addition

x oL x
For all x, y, z € R:@z) = (x+y) + (x* 2). '”;;ﬁ

J—F\

. The Existence of the Additive Identity:

[There exists 0/ € R such that for all x € R:

@ The Existence of the Multiplicative ldentity:

@le [R‘ 1 # 0, such that for all x € R:
The Existence of Addztzge Ii)z}verses
(dC

For all x € R, there exists — x € R, such that:

K"FU:O

k
@. The Existence of Multiplicative Inverses:

For all x € R, where x + 0,/there exists 1/x € R

sk dhare] s (1/x) =1 = (1/x) » xj

\

X
A ) T R 1X
U TS
\?’15) 'O 3)M,g,q,1\ +

\
e o Tres ﬂa )
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Theorems and Implications
—_—

Definitions: A true logical statement which is not just an Axiom
is called a Theorem. Many of the Theorems that we will
encounter in Linear Algebra are called implications, and they are

of the form:
} if p then

which can also be written symbolically as:

(pronounced as/ pimplies q).
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An implication p = ¢ is true if the statement ¢ is true whenever
we know that the statement p is also true.

The statements p and q are called conditions.

p — the hypothesis (or antecedent or the given conditions)

q — the conclusion or the consequent.

\\ W
If such an implication is true, we say: " =

condition pcondition g, and
condition g is necessary for|condition p.
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@ or False? %_

—
O

If f(x) is differentiable atx = a,

then f(x) is also continuous atx = a.

Y =l'y=Y) = A
=15 =51 Pawe
If p is a prime number, then 27 — 1 is also a prime number.
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In fact, it turns out that the integers of the form 27 — 1 where p is
a prime number are rarely prime, and we call such prime
numbers Mersenne primes.

As of May 2016, there are only 49 known Mersenne Primes, and
the largest of these is:

2 74,207,281 __ 1

This is also the largest known prime number.

If this number were expressed in the usual decimal form, it will

be 22,338,618 digits long.

Large prime numbers have important applications in
cryptography, a field of mathematics which allows us to safely
provide personal information such as credit card numbers on the
internet.

Chapter Zero: The Language of Mathematics 13



Negations

Deﬁnitz’on: The | negation |of the logical statement p is written

symbolically as:
/ ﬂOtp.i __F . NPOV _"P
‘ 1' & \o V\UV“\B'LF
True ox F P= aw inteefC 16 A Call oA

NP:wo+C 2 )

An integer is #not a rational number#)

The function g(x) = 1/x is not continuous at x = 0.
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Converse, Inverse, Contrapositive

Definition: For the/jplication p = qf we call:

g = p the converse of p = ¢, e

not py=> (not q) the inverse of p = ¢, and

[notq = not p | the contrapositive of p = g.

—— T —
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\( Z ((—l - Z X
Example: ||| ",
\\\\

1 I S
- {+ 2% Y t gt
l =
Complete the following Theorem about Infinite Series:
S’f/r\“ “§€_
0 (1 (Q‘\V\\ ¢ h
Theorem: If >_ a, converges, then a, — () P = @
Now let us write its:
c( 1) F‘\’K .
Converse: )/ a, >0 Hu, T on eomvies 3L laorenic
Q :')f RBut T 4 diveses. o, = lia
o, — O
Inverse: e
‘1 lP Z ‘31\,\ {}Lﬂ/@\’j‘e% +—1N_.\ i@\ng (JOQS' ha+ NrfL Lah\‘/‘ﬂd{.-"}'b O e
(\/P =) f\"& ) (oo WVMV\\L %—(’\'\tg G\LJM.
Contrapositive:
AJ(QEQ/VP

1)

L] lC ?av\'i ()M y\cﬁ' CQL\\N]A 4'0 C?/ "HA*{/\ ZD\V\ CJ‘V{'/Yj-ZQ
Do you recognize the contrapositiver

lef'@(‘§>3vﬂ@KWULl
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Logical Equivalence

If we know that p = g and g = true, then we say
that the conditions p and g arel logically equivalent to each other,

and we write the equivalence or double-implication:

12 ”}O :7®1' ot D P

Llp < ¢q/| (pronounced as: ﬂmq).
iF

An implication is always logically equivalent to its contrapositive

qUYEN

T L S | 2R

An equivalence is again equivalent to its contrapositive:

(as proven in Appendix B):

(p & q) & (notp < notq).

—
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Logical Operations

Definition: 1If p and g are two logical statements, we can form

D@ﬂ

The conjunction p and q is true precisely if both conditions p

their conjunction:

and their disjunction:

and ¢ are true.

The disjunction p or q is true precisely if either condition p or g
is true (or possibly both are true).

P o (¥
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Examples:

S.]' L O
"3
True ot
R

7%
v
— l

| G0 3
(f(x) = sin(x) is positive)zmd monotonic increasing on the
interval (0, 7).

Every real number is either rational o7 irrational. Vvv<=
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De Morgan's Laws

Theorem — De Morgan’s Laws: For all logical statements p and
q:

not <p and q> is logically equivalent to (notp) or (notq),
and likewise:

not <p orq> is logically equivalent to (notp) and (notq).

o (Pt RY &5 P o
~(Por R) & ~P ad =R

110{

\/\@Le Iad r\l_a‘]c,\fhrdv\ QJL\PS “ar\y{‘ X
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Subsets and Set Operations -
7z < & @

< S
Definition: We say that a set X is aof another set Y if

every member of X is also a member of Y. We write this

symbolically as:

h WL er) e xC/Y,

(= XY

If X is a subset of ¥, we can also say that X is contained in ¥, or
Y contains X. We can visualize sets and subsets using Venn

diagrams as follows:
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We say X equals Y if and only ifl X is a subset of ¥)and (Y is a
subset of X :

X=Y) < (XS Yand Y X).

Equivalently, every member of X is also a member of ¥, and
every member of Y'is also a member of X :

(X=Y)<:><xeX:>xe Yiand y Y:>yeX>.
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We combine two sets into a single set that contains precisely all
the members of the two sets using the union operation:

XUY={zlzeXorze V). QNN

We determine all members common to both sets using the

intersection operation: \ @\ X AT = & eph et
XNY= {z|z€sza’z€ Y}. %

We can also take the difference or complement of two sets:

X-Y={zlz€ Xandz ¢ Y}. 5

—
: —
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Example:

A — {bﬁeﬁ.f;h}
B = {a,b,d,e,f,g,h,k}
C =Aa,b,c,ek}
D = <b,e.f,k,n}
Is A < B?
CUD =
CND =
C-D =
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Part II: Proofs

Definition: A proof for a Theorem is a sequence of true logical
statements which convincingly and completely explains why a

Theorem is true.

The Glue that Holds a Proof Together — Modus Ponens

° Suppose you already know that an implication p = ¢ is true.

o Suppose you also established that condition p is satisfied.

* Therefore, it is logical to conclude that

condition ¢ is also satisfied.
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Example: Let us demonstrate modus ponens on the following
logical argument:

In Calculus, we proved that if)f(x) is an odd function on [—a,a],

then I:f(x) dx = 0.

The function f(x) = x’cos(3x) is an odd function on [-7, 7],
since:

Therefore:
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Basic Tips to Write Proofs

understanding the meaning of the given conditions and the
conclusion

state the definitions of a variety of words and phrases involved
be familiar with special symbols and notation

a previously proven Theorem can also be helpful to prove
another Theorem

identify what is given (the hypotheses), and what it is that we
want to show (the conclusion)

emulate examples from the book and from lecture as you learn
and develop your own style
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We often use unconsciously:
‘,‘\

Axiom — The Substitution Principle:

If x = y and F(x) is an arithmetic expression involving x, then

F(x) = F(y).
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A Proof Based only on Axioms

TheoremA— The Multiplicative Property of Zero: For all
acR:

Oea=0=a-0.
ol aelll ‘d’-mb'r}v’va, wTs: ©a=0,
By AR e 0+0 =, T nlPI™ 1,

D.a = (OD¥O)-a
Tero) A

o0t o0 ( k%)

Ml

So: wa = Q.OrrO\'O,

\JL: r\'\-/“"\dvx ) 1Q
%\_4 /-\[Ol Mur-eﬁ{\_l:);\-(a) ,_L%,O_-I ) SD)L,V‘J(\/Q substh \P(ML«P

Oat fno] = (2044 0) ¢ - [+ O]

Oce”juwl\! O = oD 1—(01'0 ’f’&'O) AS
O = O 0O (Ajfﬁ:ow])
O =00 [ A9
0 =0 o (AH)
Chps o T Lngmsattabomaiss S 2o o) L] 50
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= "ahzo!
Q - O=0 cr b= O !

Case-by-Case Analysis

P?’)& ond &f_)p

Theoremd— The Zero{Factors Theorem: For alla, b € R :

a-szz'feitherazO or b =0.

- \w\/l[!«"*‘b"

Cae] Owa \Ow"LLJr“lzﬁ 6~=0D

_

' % dene
Tt a26 Fhoy "amo o b s e fornd wtee

CM&ZT\A-(_ otHha gos_ﬁ\a:l& s o,

1
'\_.- =t a\_'( ): lr
Ynte a:#o H A—l\ H e ety w@IR so ~

Then In, W bﬁs%w‘mh (mw@\i
,\log%*tmks"* L)laﬂ,ﬂw)
(&)o) k= o
A% 1o = O
MY -0,

o sve a0 W gef b=O ®

1

"o
a=0 ar b=0 s e

MR Jorn!
S (et & Carcl oxvern oM Qajst\ﬁb\vtg) wg ove Jorl
wadle ' L
f/" (( B }“\SSUVVQ Aot az0O or b= , ng Y h=0 )
Coeel o=~0Q L
o’ [0 = (@- lg \3‘3 su\as"]‘l 1'U"})0"‘ \OﬂV‘U\P

Simwee a =0
’ oh =
i Tha| suy8  O-b=0 {0 oab=
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Gl o= 0O So tna (el & Gt

v t :L]' l"‘l\'\‘(‘f
\\Q)LCMC’ %C_‘ \/{/}j SW\M]W ff‘o CC{J’Li CXL\Q\J.?'[‘MU {JOSJ”) | g
W tantlvd Vg b 1S

Proof by Contmposztzve e, ba

We will need for the next Example:

Axioms — Closure Axioms for the Set of Integers:
Ifa, be Z thena+be Z, a—be Z, anda-b € 7 as well.

Definitions — Even and Odd Integers:

Jce
An integer a € Z is even/ if there exists ¢ € Z such tha

_An integer 6 € Z is |odd| if there exists d € Z such that
%oz = 2d+ 1.

3 d
@ M
edd

' o o W/\ .
E/_i o \I; RN TNl v
/ . X V
-] 1? 0'\,-15 LN MH 0\ \S £ ‘Q/V\

ol_pmm;jqcli)%wa330°1
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Let us now prove the following:

. |l
A 1- oJ‘l “J L.,‘ 1) oLJJ
Theorem: For all a, b € Z: it odd o

@he productm then\bot/? a and b are odd.

P Y Q V\UF} a‘lr.l = \_/'
l\'\‘}&‘k/\drsg\r‘ 1€ 1ew~s

ﬂw@:ﬁNP *

18 \l“’* ~e "
JOCIA

‘(\t)
. /7[W oL |'S\lolc] ol LD{S\/OAC] -]/\N(_\ OL\o N

Contrapositive is:

Pr? \We meﬁ«\,\q mﬂ*&\)Oj{J{Ve.
WTS  orly is oty

/-LSS\J\—""‘AAN’\-A C&\S LN or la]'sb\ﬂ'\/\.

Cease | o1 AN,
LIRS N "5* Q@Z Suc,\/\”p\ﬂd‘
Qi & 'y 2\!‘('\) \’)v) T JQ_—\ﬂv\\’]‘\OV\ '\'\Nl(‘-e_ XA
a=ac . T

o= (aeyb  (subifban poiple)
= a (V) CAC)

Sne e (p w«@z} Prg oy Jedini N gn
ab it even (sme wb=2a(?)),

Cader bis Lo,

33»Q\\ar 0 cam\

0.(7 C\J'e"\)

g\,othcS My ak i peAlD ) CASES

Seo \"‘AC,&SL\&C%H-PLr w3 .
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Proof by Contradiction

Known formally as: reductio ad absurdum

often used in order to show that an object does not exist, or in
situations when it is difficult to show that an implication is true
directly

assume that the mythical object does exist, or more generally, the
opposite of the conclusion is true.

arrive at a condition which contradicts one of the given
conditions, or a condition which has already been concluded to
be true (thus producing an absurdity or contradiction).

not guaranteed to work :(

Theorem: The real number 2 is irrational.
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Note: Not covered yet! Will

PrOOfb)/ Induction cover this material later!

heorem: For all positive integers n :

1 1 1 _ . n
.272.3"7 +n-(n+1) n+1°

Qm(j € 39 \s ‘NM(\\W»Q C ot n{\\'ow&> JL % (Q 1

_\_—/
. - e hchon -
. A"S\SUV"{ y7_’ {S {‘&Aﬂ CJV\“"'Q ( \Tﬁ_, € @ 3 O‘,\J N\ o\K‘ c~ SN

\ - Sb"*/"‘a\';‘-
31'(\({ \)\2,6 @] e exryl  w k€ Z/J b #0
0z = 2=
b.

Lé:l_? e13 Suwne KB\I\ qu\;LLuv\%\ N X O—g < L/vI"iH'?/‘-\ll\/\ IDU‘}{ﬂ— Ferms C‘Q

o L5 dapt o gy 2T ’CQLAm&}
m—\ S‘}_\_,th"ﬁv\s \’7% 9—(:\/&8 :

9
SRS,
hf\’
Tt e = Q- v So e s QU’”-"‘_/

)
C\“J-M 2 a3y s A &y AVEN

of contrmpai VR ( ~ Q= ‘\;P} A sune ou\is a
_- p;?\«cg e S oJ,Ql b dot e Plan Pvwde e xasts cLE'Z

o= -')J-"k + \ - l US) . 2 @
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Note: Not covered yet! Will cover this material later!


Sihte ),.:Lq-l—lcjé /A WS sbenS ot it dd. g

By o oy went - Cp = gcw i (V\Mr\ o :’L\ﬂ“— QA‘\\,\_j
| Jcel L ¢ =9 b
Co ”] ect d Demonstrations « "9

Q=%
Thog o X b e v whicly ekt
= &Q%F\ This %&M&Andz

2 af o : ’ o done )
o misrpheny b weee dmel T
Many statements in mathematics have not been determined to be

So o B VI
o 4 is Awen e

true or false.

They are called conjectures.

We can try to demonstrate that it is plausible for the conjecture
to be true by giving examples.

These demonstrations are not replacements for a complete proof.

Goldbach’s Conjecture: Every even integer bigger than 2 can be
expressed as the sum of two prime numbers.
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