
WHAT IS MATHEMATICS? 
Mathematics as an f'xpression of the human mind reflects the active 

will, the contemplativE' reason, and the desire for aesthetic perfection. 
Its basic elements ar(' logic and intuition, analysis and construction, 
generality and individuality. Though differmt traditions may emphasize 
different aspects, it is only the interplay of these antithE'tic forces and 
the struggle for their synthesL<> that constitute the life, usefulness, and 
supreme valuP of mathematical science 

Without doubt, all mathematical developmPnt has its psychological 
root<; in more or less practical requiremE'nts. But once started under the 
pressure of necPssary applications, it inevitably gains momentum in it-
self and transcends thf' confmes of irrunediate utility. This trend from 
applied to theoretical sciE'nce appears in andent history as well as in 
many contributions to modern mathematics by engineers and physicist'>. 

Recorded mathematics begins in the OriC'"nt, when•, about :WOO B.C., 
the Babylonians collected a gn•at wealth of material that. we would clas-
sify today under elementary algf'bra. Yet as a sdence in the modem 
sense mathematics only enwrgps later, on Gr<•f'k soil, in the lift.h and 
fourth centuries B.C. The ever-inCrf'asing contact betwPen the- Orient 
and the Greeks, beginning at the timE> of the Persian empire and rPaching 
a climax in the pPriod following Alexander's expeditions, made thP 
Greeks familiar with tht> achi('wments of Babylonian mathematics and 
astronomy. Mathematics wa.:; soon subjected to thf' philosophical dis-
cussion that flourished in t.hf' Greek city states. Thus Gn.•ek thinkPrs 
becamf' conscious of tlw great difficulties inlwrPnt in tht• mathematical 
concepts of continuity, motion, and infinity, and in the problE'm of mea-
suring arbitrary quantitif's by giwn units. In an admirable pffort the 
challenge- was nwt, and the rf'sult, Eudoxus' tht-ory of thf' gPometrical 
continuum, is an achiew•nwnt that was only parallf'lpfl more than two 
thousand yf'ars latt'r by the modPrn theory of irrational numbPrs. Tlw 
dt-ducti\'f'-postulational trpnd in mathematics originated at thP timf' of 
Eudoxus and was crystallizPd in Euclid's Elenwnts. 

HowPwr. while tht> theoretical and postulational lt•ndency of Greek 
matlwmatics rt>mains one of its important charactf•ristics and has ex-
Prci.·;;ed an enonnous infiut-nce, it cannot be t•rnpha..sizPd too strongly 
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that application and connection with physical reality playt•d just as im-
portant a part in the mathematics of antiquity, and that a manner of 
presentation less rigid than Euclid's was very often preferred 

It may be that the early discovery of the difficulties connected with 
"incommensurable" quantities deterred the Gn:•eks from d€'veloping thE' 
art of numerical reckoning achieved before in the Orient. Instead th('y 
forced their way through the thicket of pure axiomatic g('ometry. Thus 
one of the strange detours of the history of science began, and perhaps 
a great opportunity was missed. For ahnost two thousand years the 
weight of Greek geometrical tradition retarded the ine-vitable t>volution 
of the number concept and of algt>braic manipulation, which later 
fanned the basis of modem science 

After a period of slow preparation, the revolution in mathematics and 
sd('nce began its \-igorous phase in the seventeenth century with ana-
lytic geometry and the differential and intt>gral calculus. While Greek 
geometry retained an important place, th(• Gret>k idf'al of axiomatic crys-
tallization and syst.f'matk deduction disappeared in the seventeenth and 
eight(>enth centuri('S. Logically precise reasoning, starting from clear 
d('finitions and non-contradictory, "evident" axioms, seemed immaterial 
to the new pioneers of mathematical science. In a veritablE' orgy of in-
hritive guesswork, of cogent reasoning interwoven with nonsensical 
mysticism, with a blind confidence in the- superhuman power of fomtal 
procedure, they conquNed a mathematical world of immense rich('s 
Gradually the ecsta.'>Y of progress gaw way to a spirit of critical self-
control. In the nineteenth century the immanent need for consolidation 
and the desire for more security in the extension of higher learning that 
was prompted by the French revolution, inC'\itably Jed bat·k to a revision 
of the foundations of the ne-w mathematics, in particular of the differ-
ential and integral calculus and the> !mdNlying concept of limit. Thus 
the nineteenth century not only a plO'riod of new advances, but 
wa.<; also charactPrizr-d by a suc-cessful return to the classical ideal of 
precision and rigorous proof. In this respect it ('Ven surpassed the model 
of Greek sciC'nce. Onc-e more the pendulum swung toward the side of 
logical purity and abstraction. At present we still Sl•em to be in this 
period, although it is to be hoped that tht• n•sulting unfor1unat.t• S€'pa-
ration betwE-en pun• mathe-matics and the vital applications, perhaps 
ine\itable in times of critical revision, will be followed by an era of 
closN tmity. Thf' r('gained inh'mal strength and, above all, the enormous 
simplification attai1wd on the basis of de-arer comprE-hension make it 
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possiblf' today to ma.">lt'r tht> mathematical thf'ory without losing sight 
of applications. To f'stablish once again an orgaruc union between pure 
and applied science and a sound balance between abstract generality 
and colorful individuality may well be the paramount task of mathe-
matics in the immediate future 

This is not the place for a detailed philosophical or psychological 
analysis of mathematics. Only a few points should be stressed. There 
seems to be a grt>at danger in the prevailing overemphasis on the 
deductive-postulational character of mathematics. True, the element of 
constructive invention, of directing and motivating intuition, is apt to 
elude a simple philosophical fonuulation; but it remains the core of any 
mathf'matkal achievement, even in thf' most abstract fields. If the crys-
tallized fom1 is the goal, intuition and construction are at least 
the driving forces. A serious threat to the very life of science is implied 
in the assertion that mathematics is nothing but a system of conclusions 
drawn from definitions and postulates that must be consistent but oth-
f'rwis€' may be created by the free will of th€' mathematician. If this 
description wer€' iU.:curate, mathematics could not attract any intelligent 
person. It would bf' a game with definitions, rules, and syllogisms, with-
out motive or goal. The notion that the intellect can creatf' meanir.6ful 
postulational systems at its whim is a d('Cf'ptive halftruth. Only Wlder 
the discipline of responsibility to the organic whole, only guided by 
intrinsic rwcPssity, can the free mind achieve rf'sults of scientific value. 

Whilf' thf' contemplative trend of logical analysis does not represent 
all of mathf'matics, it has led to a more profoWld understanding of math-
f'matical facts and tlwir interdependence, and to a clearer compr('hf'n-
sion of the essence of matht>matkal concepts. From it has f'volved a 
modf'm point of view in mathematics that is typical of a universal 
f'ntifk attitude. 

Whatewr our philosophical standpoint may be, for all purposes of 
sci(•ntifk observation an objf'ct t>xhausts itst>lf in the totality of possible 
rf'iations to tlw pt•rcei\ing subject or instrument. Of c-ourse, mere pf'r-
ception does not c-onstitute knowledge and insight; it must be coordi-
natf'd and intPrpr€'tt>d by n•ference to some underlying entity, a "thing 
in itsPlf," which is not an objN'! of direct physical observation, but be-
longs to mf'taphysics. Yf't for sciPnttfk proc-edure it is important to dis-
card elt'm('nts of metaphysical charact('r and to consider observablf' 
facts always as the ultimatf' of notions and constructions. To 
n•nounc(' the goal of comprf'hf'nding the "thing in lts('}f." of knowing 
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the "ultimate truth," of unravf'ling the innf'rmost Pssence of the world, 
may be a psychological hardship for naive enthusiasts, but in fact it was 
one of the most fruitful turns in modern thinking. 

Some of the greatest achievements in physics have come as a reward 
for courageous adherence to the principlt> of eliminating metaphysics 
When Einstein tried to redUC(' the notion of "simultaneous f'vents oc-
curring at different places" to observable phenomena, when he un-
masked as a metaphysical prejudice the belief that this concept must 
have a sdentific meaning in itself, he had found the key to his tht"ory of 
relativity. When Niels Bohr and his pupils analy.t('d the fact that any 
physical observation must b(' accompanied by an pffect of the observing 
instrument on the observed object, it became clear that the sharp si-
multan('OUS ftxation of position and velocity of a particle is not possible 
in the sense of physics. The far-reaching consequences of this discovery, 
rmbodied in the modem theory of quantum mechanics, are now familiar 
to every physicist. In the nineteenth century the idea prE'Vailt>d that mt>-
chanical forces and motions of particles in space are things in them-
selws, while elt>ctricity, light, and magnetism should be reduced to or 
"explained" as mechanical phenomena, just as had been done with heat 
The "ether" was invented as a hypothetical medium capable of not en-
tirely explained mechanical motions that appear to us as light or elec-
tricity. Slowly it was realized that the ether is of necessity unobservable; 
that it belongs to metaphysics and not to physics. With sorrow in some 
quartE'rs, with relief in others, the mechanical explanations of light and 
t>lectricity, and with them the ether, were finally abandoned 

A similar situation, even more accentuated, exists in mathf'tnatics 
Throughout the agf's mathematicians haw considered their objecl'>, 
such as numb('fS, points, (>tC., as substantial things in themsPlvPs. SincE' 
these entities had always defied attempts at an adequate description, it 
slowly dawned on the mathematicians of the nineteenth century that 
the question of the meaning of these objects as substantial things does 
not make sense within mathematics, if at all. The only rE'lt"Yant asser-
tions concerning thf'm do not refer to substantial n>ality; they state only 
the intern•lations between mathematically "undt'fined objects" and tht' 
mles govPming opNations with thl'm. What. poinl<;, linE's, numbPrs "ac-
tually" orr> cannot and nePd not be discuss('d in mathematical sciPtH'P 
\Vhat mattPrs and what corresponds to "vprifiable" faet is structure and 
relationship, that two points determine a line, that numbPrs combine 
according to cPrtain rules to form other numbers. etc. A dear insight 
into thf' necessity of a dissubstantiation of f'lemf'ntary mathf'matical 
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concepts has been one of the most important and fruitful results of the 
modem postulational development. 

Fortunately, creative minds forget dogmatic philosophical beliefs 
whenever adherence to them would impede constructive achievement. 
For scholars and layman alike it is not philosophy but active experience 
in mathematics itself that alone can answer the question: What is math· 
ematics? 


